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PREFACE. 



It is not the design of this treatise to make arith- 
metic easy, nor to give such practical rules as may 
be most useful in business. The Arithmetics in 
common use are amply sufficient for this purpose. 

The present work aims rather at the develop- 
ment of ideas, than the inculcation of rules. It 
presupposes that the student can cipher, and woiild 
only teach him how to think, — how to handle the 
idea of numbers with which he is familiar, in the 
same manner in which he must take up, in higher 
mathematics, the ideas of space, velocity, &c. In 
thi^ way, it hopes to smooth the path for his future 
progress in new branches of study. 

It. presupposes that he can cipher, and will there- 
fore be useless, unless he has previously mastered 
the treatises of Emerson, Chase, Golburn, or some 
other writer of school Arithmetics. 



VI PREFACE. 

The teacher should be careful to make the scholar 
observe the directions in articles 7, 116, 180, 189, 
and elsewhere, in respect to practising upon exam- 
ples. And let him also see that the scholar not 
only consults the references in parentheses, but 
understands which part of the article referred to is 
pertinent to the text. 

CAMBRIDGE; January 1, 1845* 
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PURE ARITHMETIC. 



CHAPTER I. 



EXPLANATION OF THE LANGUAGE. 

1 . Arithmetic is the science, the language, and 
the art of numbers. 

As a language, arithmetic is very simple, being 
capable only of expressing the names of numbers, 
and four or five simple operations upon them. As 
an art, it is capable of very extensive uses. (194).* 

In strictness it is an art, and a language ; as the 
science only can be absolute, while the manner of 
treating and applying it must be variable. 

The student has learned to count, that is, to name 
nmnbers, and we shall speak simply of the mode of 
writing them. 

* Numbers in parentheses refer to articles (as numbered in the 
margin), and reference to these articles is generally necessary to 
the understanding of the text. 

1 



^4 PURE ARITHMETIC. 

2. The first nine numbers are represented by 
the following figures, 1, 2, 3, 4, 5, 6, 7, 8, 9. The 
figure 0, called zero, is used in notation as an 
abbreviation of the word nothing. 

3. The law of notation by which numbers 
larger than ten are written is this. Figures are 
written in a horizontal line, and are increased in 
value in tenfold progression as you proceed to 
the left. 

Thus, 30 will mean thirty ; 3003, three thousand 
and three ; 3056000, three million fifty-five thou- 
sand ; 3000001008, three billion one thousand and 
eight.* 

Thus, in writing, still more distinctly than in their 
names, numbers are represented as if made up of a 
collection of tens, those tens gathered in collections 
of ten, &c. The right hand place is called the place 
of units ,* the next place to the left, the place of 
tens, &c. 

For other laws of notation, see (87), and Boot II., 
Chap. 11. This is called the decimal system. 

4. This law would lead us on the right hand 
of units to tenths, &c., but these have nothmg to 
do with pure numbers. 

The law will be extended in Book II., Chap. 7. 

* We here call a thousand million a billion. This, the French 
numeration, is better than the English mode of naming a million 
of millions a billion. 
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CHAPTER II. 



ADDITION. 



5. Addition is the finding the name of two or 
more given numbers, considered as one number. 
It is expressed by the sign + (called plus), and 
equality of two or more numbers to others is ex- 
pressed by the sign =• 

Thus, 6 + 7=12, and3 + 4=7; 3 + 4 + 2 + 
1 = 5 + 4 + 1 = 10. 

6. The sum of every two numbers under ten 
must be learned, by counting or otherwise, abd 
committed to memory. 

Then, by analogy, you can add a nufnber less than 
ten to any number. 

7. To find the sum of several large numbers. 
Write them under each other, units under units, 
tens under tens, &c. Add together the num- 
bers whose figures stand in the unit's place, write 
the unit's figure of the sum under the unit's 
column, but add the tens to the column of tens. 
Add the tens, write the units of the sum under 
the column of tens, and add the tens of the sum 
to the column of hundreds. Thus proceed to 
the last column, whose whole sum write down. 
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It is manifest, that the sum of the whole will then 
be written according to (3), for the right hand figure 
will express the number remaining after the tens 
were separated ; the second figure, the tens remaining 
when the hundreds were separated, &c. 

The present article belongs to the art of arith- 
metic, (1), and of course does not present the only 
mode of addition. 

The only method of gaining a quick hand at this 
or any operation of mere art, in mathematics, is prac^ 
tice. In the language of mathematics, as in all oth- 
er languages, familiarity and ease ycan be obtained 
only by constantly speaking, reading, and writing. 
In every chapter of this work, the student must stop 
and practise the rules here given, upon examples, 
inventing them for himself, or taking them from trea- 
tises previously studied. * (See Preface.) 

8. In addition, a useful test of one's own work 
is found in adding up the figures in a difierent 
order. 

9. Examples. 

1266 + 1783 + 451 + 687 = 4077. 

15337 + 14001 + 89427 + 98990 = 217765. 
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CHAPTER III. 



SUBTRACTION. 



10. SubtractioQ is finding the name, as a num- 
ber, of the diflference between two numbers. It 
is expressed by the sign — (called minus). 

Thus, 12 -6= 7, and 13 — 5 = 8. 

1 1 . The larger number is called the minuend ; 
the smaller, the subtrahend ; and the difference, 
the remainder. 

12. The remainders^ when the minuend is less 
than nineteen, and the subtrahend less than ten, 
must be learned, by counting or otherwise, and 
committed to memory. 

Then, by analogy, numbers less than ten may be 
subtracted from any number. 

13. For larger numbers, write the subtrahend 
under the minuend, units under units, &c. Then, 
beginning with units^ subtract each figure from 
the one above it, and write the remainder be- 
neath. 

This rule is evidently correct, but does not apply 
to all cases, since a particular figure in the minuend 
may be smaller than that in the same place. Of the 

1* 



D PUBJB ARITHMETIC. 

subtrahend. In this case, it will be necessary to in- 
crease the minuend figure by borrowing one from 
the next higher place, and adding it as ten to the 
deficient figure ; taking care to remember the debt, 
and consider the next minuend figure as one less 
than it really stands. If zero should stand in the 
next place, we must borrow one from the second 
place. This will be a hundred in the place of the 
deficient figure, but we need add only ten to it, and 
put the remaining ninety as a nine in the zero's place. 
Therefore, 

If a figure in the minuend be smaller than the 
one beneath it in the subtrahend, add ten td it 
mentally, and consider the next significant figure 
as one less than it is written ; if zeros come 
between, considering them as nines. 

14. Numbers with the sign minus prefixed 
are called negative numbers. If the negative 
number be larger than that written as minuend, 
it must be itself taken as minuend, and the re- 
mainder will be negative. 

To add negative numbers is to subtract the 
numbers ; to subtract negative numbers is to add 
the numbers. 

15. The test of one's work in subtraction is to 
add the remainder to the subtrahend, which will 
produce the minuend. 

16. Examples. 

1234801 — 678923 = 565878. 
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1000002 — 800013=199989. 

1000 — 1006 =—5. 

1000— (8— 5) = 1000 — 3=1000 — 8 + 6 = 997. 

1000 + (6 — 7) = 1000 — 2=1000 + 6 — 7=998. 
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CHAPTER IV. ^ / 7 



MULTIPLICATION. 



1 7. Multiplication is finding the name^ as a 
number, of a given number repeated a given 
number of times. 

18. The number to be repeated is called the 
multiplicand, and the number expressing how 
often it is to be repeated is called the multiplier. 
The multiplier and multiplicand are called factors* 
The resulting number is called the product. 

19. Either factor may be taken as the multi- 
plier, and the product will be the same. 

For each unit in the multiplicand being multiplied 
by the multiplier, the product will contain the mul- 
tiplier as often as there are units in the multiplicand. 

Hence, in multiplying several numbers, the factors 
may be taken in any order. 

20. The product of every two numbers under 
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8 PITRE ABITHMETIC. 

ten must be learned, by addition or otherwise, 
and committed to memory. 

21. When the multiplicand is greater, and the 
multiplier less, than 10, multiply first the right 
hand figure, then each figure successively, adding 
to each product the tens of the previous amount, 
and writing down the units. 

22. When the multiplier consists of more than 
one figure, multiply by each separately ; and add 
together the separate products, placing the right 
hand figure of each under the figure in the mul- 
tiplier which produced it 

When there are zeros at the right hand of the 
multiplier, it is manifest, that they may be neglectied 
during multiplication, and afterwards annexed to the 
product. The student will need no aid in showing 
the conformity of all these rules to (3), remember- 
ing that he is not bound to show their exclusive 
truth. (1), (7). 

23. Multiplication is sometimes indicated by 
this mark X between the factors, and sometimes 
by a period between them. 

24. A convenient test of one's work is to mul- 
tiply by parts of the multiplier, and add the pro- 
ducts together. 

That this sum will equal the product appears 
from (17). 
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25. Examples. 

6401 X 101 = 545601. 

6431 X 1020 = 6639620. 

(64 + 17 + 301) X ( 104 — 37) = 24924 

16.3 = 48 = 7.3 + 9.3 = 21 + 27. 



CHAPTER y. 

POWERS. 

26. The product of a factor multipfied by it- 
self one or more times is called a power of that 
factor. 

The factor itself is the first power ; its pro- 
duct by itself is the second power. The product 
of the second power by the first is the third, &c« 

27. The number which indicates how often 
the factor is used in the production of a power 
is called the exponent 

Any power of a number may be written by 
writing the exponent above the number on the 
right hand. 

Thus, 51 = 6; £P=6.6 = 26; 2*=2.2.2.2 
= 16; 3*=3.3.3.3.3 = 243. 

28. The exponent of the product of powers 
of the same number is the sum of the several 
exponents. 
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Thus, 5^ 6' = 625 X 126 = 6^ = 78 1 25. This 
proposition follows from (26) and (27). 2^ X 2^ = 
2.2.2x2.2 = 2^ = 32. 

29. The exponent of the power of a power is 
the product of the exponents. 

That is, the 3d power of the 5th is tlie 16th. 
Which follows from (27). (2^)3 = 2 . 2 X 2 . 2 X 
2.2=2«=64. - 



CHAPTER VI. 



RATIO AND PROPORTION. 



30. Ratio is the comparative size of numbers, 
6v the riumbelp expressing it. 

Even in the mathematical sciences, terms have 
sometimes more than one signification, (1), and the 
reasoner in these sciences must cautiously beware of 
fallacies arising from this ambiguity. 

31. Thus we say, 6 is twice as large as 3, or 
that the ratio of 6 to 3 is 2, meaning that the 
ratio of 6 to 3 is the same as that of 2 to 1. 

But frequently two numbers are not in the ratio of 
1 to any number, and a new sign is used to signify 
ratio. 
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32. The sign of ratio is a colon between two 
numbers. 

Thus, 5 : 2 signifies the ratio of 6 to 2, which is 
greater than 2 and less than 3. Another method of 
writing ratio is found in (121). 

33. Equality of ratios is called proportion. 

Thus, 6, 2, 10, and 4 are in proportion, because 
6:2=10:4. 

34. The first term in a ratio is called the ante* 
cedent^ the second the consequent. 

35. In a proportion, the middle terms are call- 
ed the means/ the others the extremes. 

Thus in (33) 6 and 10 are the antecedents ; 2 and 
4 the consequents. Likewise 2 and 10 are the means, 
6 and 4 the extremes. 

36. If both terms of a ratio be multiplied by 
the same numl)er, the ratio is evidently unchanged. 

37. In every proportion, the product of the 
means is equal to that of the extremes. 

For if in aiiy proportioneiich ratio be multiplied 
by the consequent of the dtnfer, the products by (36) 
give us the product of the means, and the product 
of the extremes, bearing the same ratio to the same 
number, and they will therefore be equal. For in- 
stance, 2 : 3 = 4: 6, whence 6.2 : 6. 3 = 3 .4:3.6. 
But 6 . 3 = 3 . 6 by (19), whence 6.2 = 3.4. 

38. Inverse ratio is the same ratio with its terms 
reversed. 

6 : 2 is the inverse ratio of 2 : 5. 
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39. If two products are equal, the multipliers 
were evidently in the inverse ratio of the multi- 
plicands. 

So, toO; (37) may be demonstrated by considering^ 
that in the two products the multipliers are in the 
inverse ratio of the multiplicands, regarding the terms 
of one ratio as multipliers. (19). 

40. Article (37) furnishes a test of proportioiis 
by (39). Four numbers are in proportion when- 
ever this test will apply. 

That is, 7, 21, 2, 6, are known to be in proportion 
by the fact, that 2x21 = 7x6. 

41. The difference of the antecedents is to 
the difference of the consequents as either an- 
tecedent is to its consequent. 

That is, if equal ratios be subtracted from each 
other, term by term, the remainders will be in the 
same ratio. Or that if two numbers be diminished 
by two numbers having the same ratio as themselves, 
the remainders will have the same ratio. In which 
last form its truth becomes evident. But (41) may 
likewise be demonstrated by (40). 
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CHAPTER VII. 

PRIME AND COMPOSITE NUMBERS. 

42. Numbers incapable of separation into 
equal parts greater than 1 are called prime num- 
bers. 

Such are 1, 2, 3, 6, 7, 11, 13, 17, 19,23, 29, 31, 
37, &c. 

43. Numbers capable of separation into equal 
parts may be considered as products. (18), 
(19). Such are called composite numbers.. 
They are likewise called muhiples of their fac- 
tors. 

Thus, 48 is a multiple of the prime (42) factors 2 
and 3. And it is a multiple of the composite factors 
2^, 2^, 2^ 3 . 2, 3 . 2^ and 3 . 2^. As 1 is a prime factor 
in every number, it is not usually considered at all. 

44. Two numbers, which cannot be separated 
into equal parts of the same size, are said to be 
prime to each other. 

In other words, numbers not multiples of the mne 
number are called prime to each other. Thus, 3, 
27, 21, 18, have a common factor, while 3, 5, 8, 77, 
are prime to each other. 

45. When two numbers are prime to each 
other, if the smaller be subtracted as often as 
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14 PUBi: ARFTHISETIC* 

possible from the larger, and the last remainder 
be subtracted as often as possible from the small- 
er number, and so 43n, each last remainder being 
subtracted from the previous subtrahend, the final 
remainder will be L 

For, if it were greater than one, it is manifest, that 
the two numbers could be separated into equal parts 
equal to that final remainder ; that is, that the final 
remainder could be a factor in both numbers, and 
those numbers would not be prime to each other. 
(44). 

46. If the antecedents in a proportion are 
prime to each other, the consequents are multi- 
ples of the antecedents. 

For, if we subtract the ratios from each other, 
term by term, the remainders will preserve the same 
ratio, (41), and the final remainder of the antece- 
dents will be 1 ; (45) ; if, then, the final remainder 
of the consequents be zero, the proportion was not 
true, since it involved the absurdity of two numbers 
having the ratio 1:0; if it be not zero, the numbers 
were in the ratio of 1 to some number, that is, the 
numbers were multiple and factor. 

47. If the first ratio in a proportion consist of 
numbers prime to each other, the second ratio 
consists of multiples of the numbers in the first. 

For, if the means be transposed, (40), this case 
becomes that of (46). 
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48. Two products cannot be equal, if any fac- 
tor in one be prime to all the factors in the othe^ 

Which follows from (39, 40, 4o, 47), iTtr the fact^ 
that in (46) each conseguents^must be, by (33), the 
same nhiltiple of Its anteeiedenf; from (19) and (42). 
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49. Hence, erery number is either 
the product of certain primes. 

That is, when the number 48, for example, is 
found to be produced by 2^ . 3, it is certain that no 
multiplication of 7 can produce it. 

60. Whence the least common multiple of 
several numbers is formed by the product of all 
the unlike prime factors, each factor having the 
highest exponent used in the numbers. 

For example, th# numbers 6., 8, 14, 18, 27, 24, 15, 
12, are equal to 3.2, 2^, 7.2, 3«.2, 3^, 3.2^, 3.5, 
3 . 2^, and their least commoo multii^e will be 2^ . 3* 
.6.7 = 7560. 

51. Multiples of 2 are called even numbers ; all 
other numbers are called odd« 

62. Every prime number is either one greater, 
or one less, than some multiple of 6. 

For a) it is odd, and, therefore, both one greater 
and one less than some multiple of two ; b) every 
number is either a multiple of 3 (and so not prime), 
or else one greater or one less than a multiple of 3. 
Whence every prime number is either one greater or 
one less than a multiple of 3 and of 2, that is of 6. 
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63, Every prime number is either one greater 
or one less than some multiple of 4. 

For, if the number one less be a multiple of two 
by an odd number, that one greater must be a mul- 
tiple of two by an even mimber, that is, a multiple 
of 2^ = 4. And vice versa. 

Since a prime number is either one greater or one 
less than a multiple of 6, and one greater or one less 
than a multiple of 4, the learner may show why the 
reasoning of (52) would not make it one greater or . 
one less than a multiple of 24. 



CHAPTER VIII. 

DIVISION. 

54. Division is finding the name, as a number, 
of the parts of a number, separated into a given 
number of equal parts. 

Which, by (18), is equivalent to, 

65. Division is finding the multiplicand of a 
product when the riiuUiplier is given. 

Or, by (19), 

66. Division is finding one factor of a product 
when the other is given, 

Or part of the prime factors when the rest are 
given. It will be noticed, that of these three defi- 
nitions, (54) belongs to the science, (66) to the lan- 
guage, and (66) to the art of arithmetic. (1). 
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67. Division is eTidently a work of successive 
trials, and approximate results, since it may hap* 
peoi that the given number is incapable of the 
requu-ed division. 

58. The number to be divided is called the 
dividend, the given factor is called the divisor, 
and the required factor the quotient. 

59. To find the left hand figure of the quo* 
tient. Consider how many of the figures at the 
left of the dividend must be taken to read as a 

r^^^umber greater than the divisor. From these 
^^ figures so read, subtract the largest multiple of 
die divisor that you can, and the factor of this 
multiple will be the required figure of the quo- 
tient. 

This article is based upon the law Qi|^3), as is 
also (60). 

60. To find the other quotient figures. To 
the remainder, of art. (59), annex the next fig- 
ure of the dividend, subtract the largest multiple 
you can of the divisor, writing the other factor of 
the multiple as another figure in the quotient. 
To the remainder, attach the next figure of the 
dividend, and proceed as before. 

61. If the final remainder be zero, the division is 
complete. 

2* 
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If the final remainder be a number, the division is 
impossible. 

If, after annexing a figure of the dividend to a re- 
mainder, it does not read as a number greater than 
the divisor, zero must be written in the quotient, and 
another figure be annexed from the dividend. 

62. If the divisor be a small number, the pro- 
cess can be performed mentally, writing down 
merely the divisor, dividend, and quotient. 

For instance, to divide 46762 by 3, the work may 
be written 

3 )46752 
15584 

63. But if the divisor be a large number, it 
will be more convenient to write also the process 
itself. 

Thus, to divide 667523178 by 282, we may write 
the work thus : 

282)667523178(2012493 
564 

352 

282 

703 
564 

1391 
1128 

2637 
2538 

998 
846 

152 
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Whence it appears, that the dividend is not divisi- 
ble by the divisor. To render it so, either 152 must 
be subtracted, or 150 added. 

64. The following remarks can be demonstrated 
by (3), and the wit of the learner. 

a. Every number whose unit's figure is even, is 
even. 

b. Every number whose unit's figure is 5, is a mul- 
tiple of 5. 

c. Every number in whose unit's place is 0, is a 
multiple of 2 X 5, and if in the ten's place be also 0, 
is a multiple of 2^ . 5^ 

d. Every number, the sum of whose figures is a 
multiple of 3 or 9, is a multiple of .3 or 9. 

65. When divisor and dividend are manifestly 
both multiples of the same number, that is, have 
a common factor, both may be divided by that 
common factor before proceeding to division. 

Since the introduction of a factor into a multiplier 
will introduce it in the product, (49), in like manner, 
to remove a factor from a product we need only re- 
move it from the multiplier, without altering the mul- 
tiplicand. Which demonstrates the present article 
by aid of (55). 

66. The process of (65) is called suppressmg 
the common factors. 

67. When all common factors are suppressed, 
and the division is possible, the divisor becomes 
1, and the dividend becomes the quotient 

The prime factor 1, in this case, appears, though 
usually out of sight. (43). 
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68. The mark -4- may be used to indicate 
"divided by .'^ 

69. Examples. 12-^3 = 4; 183-5-3 = 61. 
1764 -7- 84 = 294 ^ 14 = 21. See (65), (64, o, d). 
187110 -h 136 =4158 -J- 3 = 1386. See (64, 6, c, d). 
( 100000 — 76076) -r ( 104 — 37) = 372. 

100000 — 72800 -^ 104 — 37 = 99263. 
5539620-7-5431 = 1020. 

70. Division may be indicated by a horizon- 
tal line between the dividend and divisor. 

Thus,V = 4,- Hff*-=67. 

This mark of division may be used without re- 
gard to the possibility of the division. Thus, f may 
be read, three divided by four, although such division 
(in pure numbers) is impossible. 

71. A convenient test of our work, in division, 
is multiplying the quotient by the divisor. And, 
in multiplication, dividing the product by one fac- 
tor. 



CHAPTER IX. 



NEGATIVE AND DIVIDED EXPONENTS. 

72. When a higher power of a number is di- 
vided by a lower power, the quotient is a power 
whose exponent equals the exponent oS the divi- 
dend minus the exponebt of the divisor. (27). 
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73. Hence, any divisor may be written as a 
factor (23) with the sign minus before its ex- 
ponent. 

74. By (49) any number may be written in 
separate prime factors, each with its requisite ex- 
ponent. 

For instance, 48, 49, 60, 2068, may be written 
2^ 3, 7«, 2 . 63, 2 . 3 . 73 

75. By (23, 73, 74), division may be performed 
as a sort of negative multiplication. Write the di- 
visor and dividend by (74, 73), and multiply them 
by (28, 23). 

For instance, 

2068-^98 = ^^ = 20.3. 7 = 21. 
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32 . 2^ X 6-1 3-1 2-1 = 6-1 31 2' = ^. 



It will be noticed that this process is the same as 
that of (65, 67), differing only in the language. For 
the form ^, see (70), 

76. When a number is divided into equal fac- 
tors, those factors are called roots of the number^ 
and are called first, second, third, &c. roots, as 
the number oif factors is one, two, three, &c. 
From (26) it follows that power and root are re- 
ciprocal terms. And from (27, 29), that the ex- 
ponent of the root is the exponent of the power 
divided by the order of the root 

Thus, the third root of 216 is 216* = (3 . 2)* = 
3.2 = 6. ^ , 

And the fourth root of 266 is 266* = 2*=2« = 4. 



^■■> 
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77. In these examples, the upper exponent shows 
how often the number is to be taken as a factor, and 
the lower exponent shows into how many equal fac- 
tors that product is to be divided. Such compound 
exponents may sometimes indicate impossible opera- 
tions. As, for instance, 2^ signifies the second root 
of 8, yet no two equal factors can produce 8. 

78. To devise a method of finding one of sev- 
eral equal factors in a number, that is, of ext^ct- 
ing any root of a number. 

This, like division, may, in some cases, (as men* 
tioned in (77),) be an impossible thing. 

A. Every power of 1 is 1, and 10 raised to the 
same power is written as 1 with zeros annexed in num- 
ber equal to the exponent of the power, and 100 
raised to the same power will have twice as many 
zeros, and so on. Hence, (3), if we separate a given 
written number into periods containing as many 
places as the exponent of a required root, the number 
of periods will show of how many places of figures 
the root consists. 

B. The first (left hand) figure of the root is the 
largest root contained in the first period. For by (3) 
the subsequent figures cannot equal an additional 
unit in the first left band place. 

C. Each figure of the root will be multiplied by 
the figures on its left raised to a power one less than 
the given power, and by the exponent of the power. 
This product will be the largest multiple of that fig- 
ure contained in the given number. 

If the induction which leads to (0) be beyond the 
grasp of the learner, let him illustrate it to himself 
in a particular example. Thus we may raise 57 to 
the third power, keeping the products of each figure 
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separate, but giving them their proper decimal (3) 
pUces. 

6 7 
6 7 



■•^^Mirik^^^^^ri 
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7.5 7^ 
S^ 7.5 

6» 2(7.6) 72 
6 7 

7.6« 2(7^.6) 7^ 
2(7 . 6«) 7^ 6 



6* 3.7.6« 3(735) 73 

Here, the multiple of 7, which is highest in deci- 
mal position, and which is consequently the largest, 
is, according to (C), a multiple of 7 by the [3 — 1] 
second power of 5 and by 3. 

Hence we may try whether a number be composed 
of a given number of equal factors, that is, attempt 
to extract any root of a number, as follows : 

a. Separate the number into periods according 
to (A).. 

b. From the left hand period subtract the largest 
power possible (whose exponent equals the exponent 
of the required root), and its root will be the left 
hand figure of the required root, by (B). 

c. The second figure is found, according to (C), by 
dividing the remainder by the first figure raised to a 
power whose exponent is one less than that of the 
required root, and multiplied by the exponent of the 
required root. 

d. By similar reasoning, we may now from the 
two left hand periods subtract the two figures of the 
root raised to the required power, and obtain a third 
figure from dividing the remainder by the two figures 
raised to the next lower power, &c. 
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79. In Bock IL, Chap. 8, the leamer will 
find canrenient roles for discoTeiing the second 
and third roots of nambers, aft» studjmg which, 
he may return to artide (78). 



BOOK II. 

ARITHMETIC IN ITS APPLICATION TO 

dUANTITY. 



CHAPTER I. 

f ■ • 



80. In pure arithmetic, we eqdeavoured to use 
chiefly demonstrative reasoning. That is, we 
reasoned from princifjes which the mind, by a 
rapid survey of many example3, perceives to be 
true in all cases. 

For instance,. 9ach priniQiples i^s (SS), and those 

stated in (52, a) and (62, b). 

, ■ • . ■ 

81. In arithia^etic applied to quioitity, (ooiized 
aiithmetic,) we mor^ freely use ioductive reason* 
ing; That is, we sh$dl tfmm from j^rmctpk^ 
which the xniiid»by a slowier $uryey of eacatuplei^ 
perceives to be true, as far as it can see, in i^ 
cases. 

Such a principle, for instance, as that developed in 
(78, C). . , 

3 
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82. Numbers, being in themselves abstract and 
indivisible, are most readQy applied to those sep- 
arate and individual things which first suggested 
the ideas of them to the mind. 

Such things are men, animals, stones, &c., in the 
visible world, and figures^ points, monient^, eras, &C., 
in time and space. 

83. But numbers can also be applied to con- 
tinuous quantity. .^ 

Such as extension, change of direction, duration, 
&c., in space and time, and surfaces, solids, velocities, 
&c., in the outward world. 

84. This ]s done by selecting a certain quanti- 
ty as the unit of ths^t kind of quantity, and if a 
given ' quantity consists of a certain number of 
times this unit, it may be irepresented by this 
number. 

85. The laws of abstract number being simple 
and uniform, the solution of a question of quan- 
tity is made easier by writing the quantities in 
numbers. After treating these numbers by thii 
laws of pure arithmetic, the result is to he inter- 
preted according to the ccmditions g£ the pvob- 
lems. 

Thus, 6 bushels and 80 cents being ^iven, the 
product 400 .may represent how many cents five 
bushels cost, or how many bushels 80 cents will buy. 
And the (quotient 16 may show the price, in cents, of 
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a bushel, or how mwy parcels of fire bu9bels each 
80 cepts will buy* 

86. The decimal law of notation (3) is also 
used in mixed arithmetic, by which there is, as it 
were, a series of units formed, each being ten 
tunes the size of the next smaUen 

This is most distinctly seen in the currency of our 
country, in which the cent, the (Jime, the dollar, ^nd 
the eagle, are each recognized as really a distinct 
unit. In Fnince, all weights and measures conform 
to a decimal dcale. 

87. But, in very many kinds of quantity, other 
laws of notation are combined with this, and the 
different units proceed by an irregular progres- 
sion, though always written Jncre£^ing from right 
to left. 

8d. Some of the most familiar instances are 
here given. 

a. In English currency, 

4 farthings make 1 penny. 
12 pence '^ 1 shilling. 

20 shillings ^' 1 pound. . 

To indicate that figures represent values in this 
currency, the letters <f., &, and £, are annexed to them, 
signifying penny, shilling, and pound. 

b. In measuring change of direction iq a plane, or. 
angular measure, 

60 seconds, oiarked *\ make I minute, marked '. 
60 minutes " 1 degree, " ^. 

360 degrees make a rerolulion, or return to the 
same direction. 
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e. In measuring daration or time, 

60 seconds, marked s., make 1 minute, marked ta. 
60 minutes '^ 1 hour^ ^' h. 

24 hours " 1 day. 

A day has two absolute values. The sideral day 
is the -time in which the earth revolves upon its axis. 
The solar day is variable in its length, but its mean 
value is longer than the sideral day nearly in the tBr 
tio of 21659 to 21600. 

d. In measuring extension in one dimension, and 
lengths, 

3 barleycorns make 1 inch, marked in. 



12 inches 


" Ifoot, " ft. 


3 feet 
11 yards 
40 rods 

8 furiongs 


''. lyard, " yd. 
" 2 rods, " rd. 
" 1 furlong, '^ fiir. 
" Imite. 



The abs^liite valtie of a foot is not taken like that 
of measures of time from any natural standard. But 
we can refer it to the standard of time, and thus £x 
its value. According to Captain Eater, a pendulum 
at the level of the sea, in a vacuum, at latitude 51^ 
31' 8''., which beat mean solar seconds, measured in 
length 39 inches and 13842 of the hundred thou-* 
sandths of an inch. 

The foot also migh) be compared! with the second 
by means of longitude. For two places east and 
west of each bther, at one of which every star eame 
to the meridian one sideral second later than that at 
the other, must be at a fixed distance from each other, 
depending on their latitude. At Cambridge, their 
distance would be about 1077 feet. 

But in France thejrluive derived theu^ measures of 
length, and all their measures of size, from a natural 
standard, by actual measurement «f the sisse of the 
earth, and by adopting a certain part of ikM size as 
their unit. 
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e. In measuring extension of two dimensions and 
surfaces^ 

144 sqoare inches make 1 square foot. 
^ square feet '' 1 square yard. 

121 square yards " 4 square rods. 
40 square rods .^^ Irood., 
4 roods ^* 1 acre. 

640 acres . "1 square mile. 

A square inch is a square whose side is an inch in 
length. 

/. In measuring extension of three dimensions and 
solids^ 

1728 cubic inches make 1 cubic foot. 
27 cubic feet ^^ 1 cubic yardy &c. 

A cubic inch is a cube whose face is a square inch. 
g. In measurei^ of space occupied by dry substan- 
ces, in ordinary trade, 

8 quarts make 1 peck. ^ 
4 pecks "^ 1 bushel. 

A bushel is 2150 cubic inches and 42 hundredths 
of a cubic inch, and is measured in a cylinder 8 
inches deep, and 18 inches and a half in diameter. 

h. In measures of spaee filled by liquids, in ordi«* 
nary trade, 

4 gills make 1 pint. 
2 pints " 1 quart. 
4 quarts " 1 gaHon. 

A gallon is 231 cubic inches. 

f. In measuring weight of ordinary substaQces^ or 
avoirdupois weight, 

16 ounces, mailed oz., make 1 pound, marked lb. 
112 pounds make 1 gross hundred weight, marked 
cwt. 

20 hundred weight make 1 ton. 

3» 
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A cul)i6 foot of pnre water, at 66^ Fahrenheit, 
weighs 1000 ounces avoirdupois. 

j. Iq the weight of preciorus nwtab, or Troy 
weight, 

24 grains make 1 pennyweight, marked dwt. 
20 pennyweights make 1 ocmce. 
12 ounces make 1 pound. 

A pound avoirdupois weighs 7000 grains Troy. 
At. In the mixing of inedidties, or apothecaries' 
weight, ^ 

20 grains make 1 scruple, marked 9. 

3 scruples " 1 drachm, " 5. 

8 drachms " 1 ounce, ** S- 
12 ounces ** 1 pound, " fc. 

The ounce Troy and that in apothecaries' weight 
are equal. 

89. From (88, d)y\i appears that measures of 
time and space, which ai^ entirely heterogeneous, 
are connected by means of force, a species of 
quantity which is not homogeneous with either 
space or time, but which connects themi because 
it is manifested in both at once. 

For it is the force of gravity whose intensity de- 
termines the tiiae lof the penduium^B swing, and the 
earth's rotation. 

From (88, t, j, k\ it appears, that force itself is 
quantitative^ that is, susceptible of measurement ; and 
likewise from (88, a), that valde comes thus by 
measurement under the ))6wh» of arithmetic. 
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CHAPTER II. 



ADDITION. 



9&. Addition, in mixed ftrithttiellc, is fimding a 
number, which bears the same ratio to 1, that the 
sum of several qoaatities does to their unit. (84)« 

That is, it is the expression, in one number, of the 
sum of several quantities, which are expressed in 
numbers. 

91. This is done by adding the numbers, (5), 
which express the several quantities. 

92. When the quantities are expressed in 
purely decimal notation (3), the rule of (7) is 
still applicable^ 

93. If they are expressed m the mixed nota- 
tion of (87, 88), write the numbers rf each unit 
under those of the same size. Attempt the di- 
vision of the sum of the {smallest units by that 
number which makes one of the next greater. 
Write down the final remainder as the number 
of smallest units in your required number or sum. 
Add the quotient to the sum of the next lai^er 
units, which then divide as before. 

For instance, it is now October 31, 1844, 43 uiin* 
utes 22 seconds past 9 o'clock, A. M. What will be 
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the date in 17 years, 3 months, 6 days, 2 minntes, 
and 47 seconds ? 

yn. in. d. h. * m. ■. 

1843 9 30 9 43 22 
17 3 5 2 47 

1861 1 4 9 46 9 

It will be 46 minutes 9 seconds after 9 on the 
morning of February 6, 1862. 

a. The reason why we begin with the addition of 
seconds is obvious, since the addition of minutes, 
hours, d&c, will never leave odd seconds to disturb 
the result, whereas, if we begin by adding the years, 
the odd months and days may make up a year to 
change the result. 

b. 35 days is the sum of the days. Since the 
three months carries us into February, we subtract 
31 for January, which leaves four whole days in 
February, and it will be the fifth dity. 

What will three parcels of silver weigh, one con- 
taining lloz. 15dwt. 23gr., another lOoz. 17dwt. 
21gr., and the third 9oz. 19dwt. 18gru ? 

11 15 23 

10 17 21 

11, 9 19 18 

2 6 13 14 

c. We begin with grains for the reason mentioned 
in a. The sum is 62, which, divided by 24, gives a 
quotient 2 and remainder 14. The sum of the penny* 
weights is 51, and the 2 being added from the grains, 
give us 53, in which there are 2oz. and 13dwt. remain- 
ing. The sum of the ounces is 30, and the two from 
the pennyweights being added, gives 32, in which 
are 21b. and 6oz. remaining. 



94. The identity of the operations in (7, 92, 
93% should be noticed. The addition of num- 
bers decimally written begins with units, and pro- 
ceeds up through tens, hundreds, &c., as the 
addition of numbers written in the system of 
(87) begins with the lowest units and proceeds 
to the higher. 

And does it for the reason mentioned in (93, a), 
and in a manner analogous to (93, c). The addition 
of numbers decimally written is illustrated by a man 
counting a heap of cents. He gathers the c^nts into 
piles of ten each, then sets those piles m rowsof ten^ 
and puts ten rows by themselves. He then easily 
Writes down the sutn, writing firet the number of 
sets of rows, then the odd. rows, then odd cents, $Dd, 
reads them as so many dollars and cents. This ia 
the addition of units. If he lias also in his heap 
silver coinage, he counts a half dime as 6 cents, or 
five in his place of units ; a dime as equs^ to a ^ile 
of cents, or one in his place of tens; a half-dollar aa 
equal to five piles, or five in his place of tens ; a 
dM& as equal to one row, or one in his place of 
hundreds. Gold coiiiage will be, a half-eagle equal 
to five rows, or five in the place t)f hundreds ; an 
eagle equal to one set of rows, or one in his place of 
thousands. 



( - 
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CHAPTER III. 



SUBTRACTION. 



95. Subtraction, in mixed arithmetic, is finding 
a number which bears the same ratio to 1, that 
the difference of two quantities does to their unit. 

Or, in other words, it is finding the expression in 
one number, for the differenpe of two quantities ex- 
pressed by numbers. 

a. If the quantities be expresised in the deci- 
mal notation simply, the difference <>f their num- 
bers, obtained by (13), will express their differ- 
ence, ' , 

6. If thev be expressed in the mixed nota- 
tion of (87), write the subtrahend undei* the 
minuend, (11), each kind of units under its own 
kind, and, beginning at the right hand, subtract 
each from each. 

96. When, in any kind of ututs, the minuend 
figure is the smaller, proceed in a manner analo- 
gous to that of (13), by borrowing one from the 
next larger kind of units in the minuend, and if 
vacant places come between, considering them as 
filled by the surplus of your loan. 
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97. The reason for these proceedings appears 
from similar considerations to those in (93, a). We 
begin with subtraction at the right hand, lest, if we 
began at the larger units, the exigence of (96) should 
force us to change the result after we had written it. 

For instsmce, 1 have in a barrel 13 gallons, 3 quarts, 
and a gill of cider, and if I let 4 gallons and three 
half-pints run on the ground, what will be left in 
the barrel? - 

gd. - qt pC gl. 

13 3 1 
. 4 1 % 

9 2 3 

Since 2 gills cannot be subtracted from 1, we bor* 
tow one quart, dnd mentally consider the minuend 
as Veading 13gal« 2qt. Ipt. 6gi. 

If we begad at gttllons, we should, after writing 
9gal. 3qt. in the remainder, be obliged to come back 
and take one of the 3 quarts to take our one pint from. 

98. The identity of the operations in (13) and 
(97) should be noticed. 

99. Examples. 

lis. 35. 2B. 19gr. — 9S. 63. 19. 17gr. = lS. 
65. IB. 2gr. 

£10. 7s. 6d. — 7d.==£16, 6s. lid. 
iBia 9d. — lOd. = £17. 19s. lid. 
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CHAPTER IV. 

MUtTIPtlCATldN. 

, . ' • ■ , . -. . ' • . 

100. Multiplication, m m]xe<| arithmetic^ i^ 
findiog a number which ex|resse» a quasfit^ 
bearing the same ratio to that expressed by the 
multiplicand, that the quantity expressed by the 
multiplier does to its ubit (17, 18, 84). 

Similar quantities are added together, and subtract- 
ed from eaeh Dther^ but quantity oanddt bet mtdti- 
pUed or divided by quantity^ For instaoce, one hrap 
of mud can be added to another, but it is absucd to 
talk of n^ultiplying one be^ of mud by luiotber. It 
i$ plain, then, that 

101. The multiplication of one quantity by 
another can only mean the multif^atioo of 6ne 
quantity by the number expressing another quan^^ 
tity, or the increase of a quantity in the ratio of 
another quantity to its unit. 

Exceptions to (101) will be found in (168, ITQ). 

102* But, from (85, 19), the numbers expres- 
sing the two quantities may be multiplied, using 
either of them as the multiplier, and the product 
^U express a quantity of the same kind with that 
factor that is logically the multiplicand. 

For instance, 1 15 pounds of oakum at 7 cents a 
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pound, will cost 805 cents. Here 7 cents is logically 
the multiplicand, since the cost of the whole will be 
a cei:tain number of times the cost of a pound. Yet, 
practically, 7 is taken as the multiplier, because it is 
the smallest number. The student will find it a 
good exercise to distinguish always , between what 
belongs to arithmetic as a science, and what belongs 
to it as an art and a language. (1, 56, &c.). 

103. When the multiplier is expressed in the 
notation of (87), the question is usually an ab- 
surdity. If it be not, the multiplier, or multipli- 
cand, or both, must be changed in their expres- 
sion, so that the multiplier may be numbered by 
(84) and (3), before (100, 101) can be fulfilled. 

For instance, what is the cost of 31b. 5oz. 16dwt.. 
of silver, at 5s. 3d. an ounce. Here is the multipli- 
cand given, 63d. The multiplier must be reduced 
to that unit (84, 100) to which the multiplicand cor- 
responds, namely, ounces. Now, 41oz. at 63d. will 
amount to 25$3d. But the 16dwt. cannot be reduced 
to ounces. It bears the ratio 16 : 20 = 4 : 5 to an 
ounce. Then, by (100), the cost of 16dwt. must be 
to 63d. in the ratio 4 : 5. That is, by (33) and (37), 
four times 63d. will equal five times the cost of 16dwt.. 
Hence, 16dwt. will cost 262d. divided by 6, or 60d. 
and (70) the impossible quotient f. So the whole 
cost of the silver will be between 2633 and 2634d. 
That is, 31b. 5oz. 16dwt. of silver at 6s. 3d. the ounce 
will cost part of a penny more than £10. 19s. 6d. 

Practical and easy rules for solving the cases which 
are included in (103) can readily be formed by the* 
student after he has studied Chap. 6. 

1 04. Exceptions to ( 103) will be noticed in ( 172). 

4 



38 MIXED ABITBMBTIC. 

106. When the multiplicand ooly is expressed 
in a mixed notation, (87), multiply first the small- 
est units ; attempt the division of the product, 
(18), by that number which it takes of these 
units to make one of the next larger ; write down 
the final remainder, and add the quotient to the 
product of the next sized units, &c. 

Since multiplication is in its results only an addi- 
tion of a quantity several times to itself, (17), the 
reasoning and analogies of (93, a) and (94) will 
sufficiently explain (105). 

What is the weight of 6 boxes of sugar, each 
weighing 3cwt. Iqr. 231b. 

Here (6 X 23) -j- 28 ^ 4, and 3 remain. Again, 
(6xl + 4)-r-4=r2, and 1 remains. Lastly, 6 X 
3 + 2=17. So that the gross weight of the 6 boxes 
is 17cwt. Iqr. 31b. 

106. When the multiplier in (105) is a large 
number, it is sometimes convenient to separate it, 
by subtracting such a number that the remainder 
may be the product of small factors. Multiply 
by these successively, and to the final product 
add the product of the subtracted portion. 

For a justification of this rule, compare (85, 17, 
19). 

For instance, a clock loses 1 minute and 33 sec- 
onds a day ; how much too slow will it be in 63 days 
after it is set to true time ? 

Now, 53 = 6 . 8 + 6, and 6 X Im. 33s. = 9m. 18s. 
Again, 8 X 9m. 18s. = Ih. 14m. 24s., to which add 
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S X Im. 336. =c= 7ni. 46s.y and yoa hMve the whole 
loss, Ih* 2Sim. 9s. 

In like manner other nnmbers may be divided. 
For instance, 97=p8X12 + 1; 117=10x11 + 
7; 277= 11 X 26 + 2, and the like. 



CHAPTER y. 



DIVISION. 



107. Division being the reverse of multiplica- 
tion, (56), the quotient m mixed arithmetic prop- 
erly represents a quantity, to which that express- 
ed by the dividend bears the same ratio as that 
expressed by the divisor bears to its unit. (100). 

108. But, as in (102), the factors may change 
places, and yet only one is logically the multiplicand, 
so here, 

109. The divisor given may be logically the 
quotient 

11 0. Hence, there are two sorts of problems 
in division ; it may seek to divide a given quan- 
tity into a given number of parts, and find the 
number expressing one of those parts ; or, it may 
seek how often oae quantity can be contained 
in anothen 
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In either case the operation is the same, the quo- 
tient in one ease being the logical quotient, expres- 
sing a quantity ; and, in the other, being logically 
the divisor, expressing a number. 

Thus, whether I ask how many men can receive 
a dollars each from a purse of $ 25, or how many 
dollars apiece five men can take from the purse, I 
in either case alike divide 26 by 6. Yet, in one 
case, the question really is, how many times five dol- 
lars in twenty-five, and the answer, five times, gives 
me logically the inultiplier, by which I must multi- 
ply five dollars to make $ 25 ; and, in the other case, 
the question really is, How many dollars in the fifth 
part of $ 25, and the answer is logically the multi- 
plicand, which must be multiplied by five to make 
#26. 

111. If both quantities are expressed in deci- 
mal notation, (3), the rules of Book L, Chap. 8, 
are to be follovi^ed. 

112. If one or both quantities are expressed in 
the nuxed notation of (87), there arises one of 
three cases (113,11 4, 1 15). 

113. If the given divisor be the logical divisor, 
and be expressed in decimal notation ; divide the 
largest units first, write down the quotient, and 
to the next smaller units add the remainder ex- 
pressed in those smaller units ; this sum divide 
as before, &c. 

It is manifest that we must begin with the largest 
units, in order that the quotient may be secure from 
change when partly written. (93, a ; 97, 106). 
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15 men would divide £16. lis. 3d,, among them, 
what is the share of each ? ^^=£1 and £1 left 
undivided. Add this as 20s. to the lis. Then |i- 
:= 2s. and Is. left undivided ; add this as 12d. to the 
3d. Then -H^sld., and each man's share is £1. 
2s. Id. 

114. If the gi v&i divisor be the lexical divisor, 
but expressed in the mixed notation of (87) ; 
reduce it to decimal notation, by multiplying the 
largest units by that number which one of them 
contains of the next smaller, then adding the 
smaller, &c. Then proceed as in (113). 

If the divisor contain smaller units than that in 
reference to which the problem is put, (107), the quo- 
tient must be multiplied after it is obtained. 

For instance, 31b. 6oz. of quicksilver cost me £1. 
2s. 6d. ; what is that a pound ? 

Here are 64oz. Now, 64 = 6 X 9 ; see ( 107, 106) ; 
and £1. 2s. 6d. divided by 6«:3s. 9d. This divid- 
ed by 9 gives 5d. an ounce. But as the price is 
asked for a pound, we multiply 6d. by 16, which 
gives 80d. = 6s. 8d. 

11 5, ff the given divisor be logically the quo- 
tient, reduce both quantities to numbers based 
on the same tirirt, (84), and proceed as in (113). 

The necessity of this proceeding is self-evident. 
Unless, indeed, by (106, 17, 55, 107, &c.), you sub- 
tract the given divisor repeatedly from the dividend, 
and count the number of subtractions. Or, subtract 
multiples of the given divisor, and then add to- 
gether the different factors of those multiples. 

4* 
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From a lump of blue mass weighing IS. 25. 19. 
6gr., how many boxes of pills can I make, 19. Sgrs. 
in a box ? 

Here, the whole mass weighs 625grs., and each box 
contains 26grs. 626 -r- 26 = 26 boxes. Or we may say 

S- 5- 9- gr. 

12 16 

19. 6gr. X 20 = 1 10 

2 6 
19. 6gr. X6= 2 6 



20 + 5 = 26 boxes. 

The learner, in practising upon examples in treatises 
previously studied, (as he must do in aJl parts of this 
work,) should point out to which case, (112), each 
example belongs. 



CHAPTER VI. 



VULGAR FRACTIONS. 



116. It may happen that a given quantity is 
not a multiple of the quantity assumed as a unit 
It cannot then be expressed in numbers, and the 
part smaller than the unit, the fragment or frac- 
tion of a unit, by which the given quantity ex- 
ceeds a multiple of the unit, must be expressed 
in some other way. 

117. One method is immediately suggested by 
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the law of (3). If we annex figures to the right 
hand of the unit's place, making some convenient 
mark of separation, and suppose them to decrease in 
tenfold progression, it is manifest, that the decimal 
fractions thus written will enable us to express parts 
of the unit with great exactness. Of this we shall 
speak particularly in Chap. 7. Yet other methods of 
writing them are sometimes preferable. Suppose, for 
instance, we wish to express 200 minutes as hours 
and parts of an hour. There will be 3 hours and 
twenty minutes. But, as 6 minutes are one tenth of 
an hour, twenty minutes will contain 3 tenths of an 
hour and two minutes. 

Now, as we cannot divide an hour into hundredths, » 
to find how many hundredths there are in two min- « 
utes, we must multiply 2 by 100, and then divide by < 
the minutes in an hour. (For the quotient will be * 
the same if any divisor of the divisor be made a i 
multiplier of the dividend.) And, again, we must ^ 
multiply the remainder by 10, and divide by 60 to 
obtain the thousandths, and so on. But, since 10, . 
100, 1000, &c., and the remainder 2, do not contain * 
the prime factor 3, which is contained in 60, it is? 
plain, that there will be no division possible, and the^ 
line of decimal fractions will be continued for ever.* 
Putting a comma for a decimal point, to indicate the • 
separation between the hours and the parts of an* 
hour, we should have 3,33333 &c., for ever. Hence, . 
we must devise some other plan of writing it. 

118. Fractions usually result from divisions in 
which the dividend and divisor contain factors 
prime to each other^ and they are usually written 
as unexecuted divisions, in the manner of (70). 

For example, two hundred minutes divided by 60, 
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gives us 3 4- li, but H is equal, by (66) or (76), to i, 
vhich may now be read one third, and the two hun* 
dred minutes, or three and one third hours, may be 
written 3ih. 

119. Fractions thus written are called vulgar 
fracticHis. The dividend number b called the 
numerator; the divisor the denominator. The 
numerator and denominator are called the terms 
of the fraction. 

The denominator names the size of the parts com- 
pared with the unit ; the numerator numbers the 
parts in the fraction. 

120. Fractions may then be regarded as un- 
executed multiplications and divisions, or as quo** 
tients possible or impossible. (70). 

For, as divisors are but factors, (73), and factors 
may be taken in any order, (19), the unit may be 
multiplied by the numerator before being divided by 
the denominator. That is to say, the fourth part of 
three bushels is three fourths of one bushel, and 

121. Fractions represent the ratio of the nu* 
merator to the denombator. 

For, as the ratio of 6 to 3 is 2, that is = 2 : 1, so 
the ratio of 3 to 6 is i, that is = ^ : X- . 

1 22. Hence, the form { may have three meanitigs. 
Either 3:4, or 3 -?- 4, or three fourths. But, in 
either case, the operations performed are tbe same, 
samely, 3 is used as a multiplier, and 4 as a divider. 
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123. It may dance thai a giFoi qizandty b 
not odIj not a multiple of the onh quandnr, but 
that no mohipficatioQ can make it so» m vhidi 
case it can o( course be represented bj no frac- 
tion. In other words, the ratio of two quantities 
is sometimes incapable of expressim bj figure^ 
in which case the two quantities are said to be 
incommensurable. 

Such quantities are analogous to numbers which 
iare prime to each other. (44). 

124. An approximation to the Talue of such 
ratios may be pushed to any extent by a series 
of fractions whose value decreases ccmstantly. 

For instance, the ratio of the diagonal to the side 
of the square cannot be fully e xpi essed in figures. 
It may be attempted in vulgar fractions, thus : 1 -f-i- 
+ iV+7f(r + &c. Or thus, l+i_i + ^_ 
Tir-f^- Or, in the decimal fractions of (117), 
1,41421 &c. 

125. When several fractions have the same 
denominator, it is called a common denominator. 

126. Before performing any other operation on 
a vulgar fraction, it is generally best to strike out 
the factors common to both terms. The product 

of all these toMHv is called the greatest common /^ r7 
measure. "^ 

127. To find the greatest common measure of 
two numbers. 



1 
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The remainder in division must contain all factors 
common to divisor and dividend, and a remainder, 
which measures the divisor, must also measure the 
dividend. 

Divide the greater number by the smaller, the 
smaller by the remainder, the first remainder by 
the remainder of the second division, &c. 

The last divisor used will be the greatest com- 
mon measure. 

For instance, what is the greatest common meas- 
ure of 54 and 268 ? 

64)268(4 Sinde 54 is a multiple of 

216 the greatest common meash 

42)64(1 ure, 216 is also, and since 

42 268 is, 268 — 216 must be 

12H2C3 ' ^'^^' ^^^^ ^^ must 64 — 

3^^ 42 be a multiple of the 

— greatest common measure, 

lo being the difference of two 

_ such multiples. In like 

manner, we show 6 to be 

such a multiple. The last divisor, 6, contains, then, 
the greatest common measure. That it contains no 
other factors is evident, since it measures 12, and 
must, therefore, measure 6 -|- 3 X 12 = 42, and also 
42 + 12 = 54, and 42 + 4x54 = 268. What we 
have thus shown of 6 in this instance is evidently 
true of the last divisor in every case, since " the re- 
mainder in division must contain all the factors com- 
mon to dividend and divisor, and any remainder 
which measures a divisor, measures also the dividend." 
When the greatest common measure is 1, the num- 
bers are said to have no common measure, agreeably 
to a remark in (43). 
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128. If both terms of a fraction are divided 
by their greatest common measure, the fraction 
will be put in its lowest terms. 

129. To reduce fractions to others of equal 
value, having a commcm denominator. (125). 

The common denominator cannot be prime to 
either of the given denominators by (122, 121, 46, 
40). But it may be the least common multiple, (43, 
60), for any multiplication of the numerator is always 
possible. Hence 

a. The common denominator may be the least 
common multiple of the given denominators. 

& The new numerators may be formed by 
multiplying each numerator, (36), by those factors 
in the common denominator which are prime to 
its denominator. 

130. Whole numbers may be regarded as 
fractions whose denominator is 1. 

For a fraction represents a quantity which bears 
the same ratio to 1 that the numerator does to the 
denominator. (121, 84). 

It represents also an unexecuted division and mul-* 
tiplication. (120). So a whole number represents 
the multiplication of the unit, or the number of 
times the unit is contained in a quantity. 

The denominator 1 is seldom written. (43). 

131. The numerator of a fraction may be re- 
garded as a whole number, the size of whose 
unit is indicated by the denominator. 

Thus, 1^ of a dollar are three units of 25 cents valuQ 
each, and five pence are iV of a shilling. 
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132. To add vulgar fractions ; reduce them to 
a common denommator, (1^3) ^^d (129), and add 
the numerators, writing the sum oyer the com- 
mon denominator. 

For 'the numerators are whole numbers or inte- 
gers of the same unit value. (131). 

133. To subtract vulgar fractions ; reduce them 
to a common denominator, and write the differ- 
ence of the numerators over the common denom- 
inator. 

See (132). 

134. To multiply a vulgar fraction ;~ multiply 
the numerator. (131). Or, divide the denomi- 
nator. 

This last direction depends upon a principle hinted 
at in (117), the truth of which may be shown from 
(36) or from (66). For the identity of the cases in 
(36) and (65), compare (122), (76). If, after intro- 
ducing a factor into one term of a fraction, we sup- 
press it in both terms, the result is the same as though 
we had simply suppressed it in the other. For 
instance, take f , and by the factor 2 we may change 
it into the equal forms ^ or f , and by the factor 3 into 
i or 1%. 

135. To multiply by a vulgar fraction; multi- 
ply by the numerator, and divide by the denomi- 
nator. ( 1 20, or 1 2 1 , 1 00, 37). 

See also (103). In fact, by (100), this operation 
is one in what has been commonly called the ^' rule of 
three." 



lS6r To miiltiply vulgar fifadaans together: 
Multiply the numerators together for a pew nu- 
merator, and the denommatQr3 for a new denom- 
inator. (134, 135). 

The pmneriitoFof th€^pi!iltipliefai4 is the pttmber» 
(131), to be multiplM hy the fjp^^iion wbieb te tnul-^ 
tiplier, that is, (135), multiplied by it3 numerator ^nd 
divided by its denofifiilator, both pf which cofidition^ 
of (136)are fulfilled in (136), by (116, 119) or (120), 

137. Tq divide a vulgar fraotion : Reverse the 
operation of (134). See (55). 

To divide by m vulgar fractioti : Invert its terms 
and multiply. • 

For, by (73) and (7S), we need but pb$nge ):h9 
signs of our exponents, and multiply ; that is,' make 
our divisor (d^ppuainatpr) ^ dividend (nufner^itpr), 
and Qvr dividend ft divisor. ' 

Or, again,, by (107), We have, the ratio of the 
fraction to unity is that of the dividend to the 
quotient. And, by (121, 37), the product of the de- 
nominator and dividend equals that of the quotient 
and numerator. Or, the quotient equals the dividend 
midtiplied by the denominator and divided by the 
numerator. See reftiarks under (135). 

1 38. Examples for ( 12^, 138 - i;?7). 

1. Reduce i, |, f , f, iV, 3, and i- to their least 
CDomxpn de^tnii^at^r. ^ v 

% WbM i? the: sum erf i, i, and f ? 

5 



60 

3. When Ned had spent j- of his patrimooy, what 
portioo of his father's estate did he own, if his &thw 
left him H of it ? 

4. Ned received H of his father's estate, Dick i^-, 
and Bet the difference between them. Whi^ had 
the father left for other bequests ? 

1 — (m + iH + iW) = -VA=Ti. He had 
bequeathed more than his whole estate by a thirty- 
third part. 

5. 7oz. of qoicksOFer cost 66., how many £. is 
that a lb. ? 

Vt-iV = AX^ = *Xf=£iiperlb. 

6. Perform the following operations. ~ 

"1X2"= 1044- 

139. In the following chapter we resume the sub- 
ject hinted at in (4), and partly imfolded in (117). 



CHAPTER VII. 



DECIMAL FRACTIONS. 



140. As the denommator 1 Is not generally 
written, neidier is 1 with zeros annexed. The 
numerators of such fractions are written by a law 
developed from (3), each figure indicating parts of 



DSCHUfAL rjUCTIOHS. 51 

the units tenfold smaller at each remove to the 
right 

141. A point, called the decimal point, sepa- 
rates the integers from such fractions, which are 
caUed decimal fractions. 

Thus, 2iir is written 2-1^ and ^hhr is written 
2-01, &c. 

142. The rules of Book I. evidently apply to 
all numbers decimally written, whether fractional 
or integral. 

143. In addition and subtraction of decimal 
fractions, we must be careful to place tenths over 
tenths, &C., in a manner analogous to (7, 13, 93» 
96, A). 

Even in (132, 133) the same analogy can be seen. 

144. In multiplication, the product must con« 
tain as many (fractional) decimal places as both 
the factors. 

For instance, 2-5 X 2-11 = 6-276. 

Which follows from the law of (140), since the 
smallest fraction in the product must be the product 
of the smallest in the factors, and the tenth of a 
tenth is a hundredth, &c. 

• ■ , 

1 45f Conversely, by (65), the decimal places of 
the dividend must equal m number those of the 
quotient and divisor. 

If the places in the divisor exceed those of the 
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dividend, it must be ewiDg, by ( 144), to zeros in thd 
dividend, at the right of the significant figures, which 
have been dropped. Hence, 

In applymg this as it rule for fixing the decimal 
point of a querent, places, <m the Mt of units 
in the quotient may be caUed negative decimal 
places ; but zeros must be annexed to the divi- 
dend before divisioii, enough to make its s^;nifi* 
cant figures divisible by thoae of the divisor. 

For a decimal denominator is a factor with it ttega^ 
live exponent. But, as by ^14) the negative of a 
negative is positive, so a decimal factor [10, 100, 
lOOO, &c.] may b^ called a decimal denominator 
#lth ^ nagatire expokiem. 

1 46. Examples for ( 141 - 145). 

1, 2-5 + 03 4- 3106 + 5001 = 10-637. 
a. -001 4- 'bOOOOl-f <J-666 =±= 6-66t00l. 

1 -001 -^'000001 i*ii Ooessft 

4. 101 — 00007 = 1*00993. - 

6. 101 X 00007 ==0000707; 
6. 'OOIX 000001 fca-OOOOOOOOL 

r. ►ooi 4' 000001 i=±= 1000. 

8. '000001-4- 001= OOL 

9. •003-5-00025 = 12. 

; 10. •0<»'^'OOOOB=t:37'& 

Hi 003*- -06009 = 33-33333 i«j4 ; 
12. 07 ^ -00022 = 3181818 toi. : 

1 47. To reduce a vulgtr fiftictioa to a, decinud ; 
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aanex z^r^ to the numerator and divide by the 
denominaton 

For this gives us a number which bears the same 
ratio to 10, 100^ 1000, dz>c., (aoeording to the number 
of zeros annexed,) that the numjsrator does to the 
denominator. That is, it gives us the numerator of 
a decimal fraction. See (121, 100, 135), and (140> 

By this rule, T b^om^ -75, by annexing twp ze- 
ros, and 76 : lOO = 3 : 4 Again, Tf5:== '008 by an*- 
nexing three zeros, and 8 : lOOO=* 1 : 126. 

148. Whenever a divisor which is prime to its 
dividend contains oth^r primes than 2 and, 5, the 
quotient cannot be fully expressed in ordinary 
decimals. 

For, by (49), the annexing of zeros cannot render 
it divisible by any factors except 2 and 6, jsince 10 ss 
9 X 6, 100 = 102, &c. 

149. The quoti^t m (148) will cobsist of a 
limited number , of figures recurring peipeteally 
in the same order, sonnetimes preceded by fixed 
figures. 

For the divisor is a limited number, and we must, 
therefore, in dividing with zeros annexed, come at 
length to a remainder equal to some jpr^vtotls remjeiin- 
der, and the quotient figures Will then begin to re- 
peat themselves. 

Thus, divide 3 by 77^ and the quotient wilt: be 
.038961, and then a, remainder of three will be left, 
so that thesf six places will recur constantly, and -^ 
= -038961038961038 &c. 

6» 



ISO. I^uck quolietitis €it*« <!«tlled eibcutfttkig deci- 
mals ; or, if preceded by fixed figures^ mixed 
circukUaqg decimtals* 

The figures which are mpi^ftted are calted the 
circulate. A circulate of one plac^ is called' a re- 
petond* 

15 f. A circulate is designated by a dot over 
lis first and last places, an4 tnus the quotients of 
all numbers may be written in decimal form. 

Andy as iticommensurable q^uantities cannpt He ex- 
pressed by vulgar Iractibns, (123), we may, by (151), 
)exfMrei9S in decimal form ail quantities capable of ex*- 
pression by numbers. 

I52« Circulating and mixed decimals are simi- 
iar ^nd conterminous when tiie circulate begins 
and ends in each of them at the same distance 
from tbe decimal pointy (141). 

*ttius, the mixed decimals -270303 &c., imH 
ScMxy -OOOiei dec.; which by (XSl) are writtco 
'2703, '17i2, *000i, are similar and conterminous j $» 
are also the circulating decimals '038961, 2*178131, 
4S-600IQ2. ^ 

' 1 dS« To miake any numbers lor 6aetian« simyw 
and conterminous. 

Zeros antiexed may be represented a^ droulates of 
ahy n^irib^r of places, and ttitw Whole tiutnbers aire 
bfotight into th^ form required, and Iffeewise are 
decimals of fixed places. ' . 



' * • » ■ 

Abd, stnt^ A tiircuIatiQg d«<^itha1 hiai^ be ^oticelVed 
fets be^iiiaing io drculate af attjr poim^ and t&e^ circu- 
late to consist of any multiple of its real number of 
places, 

Find the least common multiple of ;the nqmr 
hers of places in the circulates. Extend the 
•circulate which begins in the lowest place to a 
number of places equal to this multiple^ and 
maKe the others conform tb it. 

For exatnple, make 7, 1-6^ I'd!, ^'3742 i, and 

3*7629 similar and center minons. The places of the 
different circulates are in h^nnber, 0, 1, % 9, and 3 ; 

tlheir least common multiple i»6. The circulate 21 
"begins lovirest in the decimal licale. And the numberb 
in their new form will be 7-000<}00006, 1-666666666^ 
lOlOiOlOlO, 2*374Sil212i, and 3-7829829S2. 

154. To discover what form of decimals a 
Tulgar fractioB wiU assume. (147). 

a. Reduce k to its lowest terms. (128)u 
Whichever factor 2 or 5 occurs in the denomi- 
nator with the higher exponent, it indicates by 
Its exponent the number of fixed places in th6 
decimal. 

For every couple of these factors 2 and 5, that 
is every 10, in the denominator must produce one, 
Bfid oniy oae» decimal place, and every other fac- 
itar^ 5 ox 2, must also produce ane, and only one^ 
ikcunal place. 
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& If other factors occur, the decimal wiH have 
a circulate, (148, 149, 150), and the number of 
its places may be discovered by dividing 1 with 
zeros annexed by these factors, until a remadnder 
of 1 appears. 

For the circulate must be formed by multiples of 
a circulate so made, and consist of the same number 
6f places. 

For instance, what will be the decimal form of 

, ? 8 ft ? ^ 

^^gV =^ -Ajt «g= a»yi'i ) whence there are tl^ree 
fixed places in the decimal ,* and -fy = '09, whence 
there is a circulate of two places. 

Let us try it ; ^j,^ == 6*6 ; here is pne of the fixed 
places. -S^ c= 3'25 1 here is the second. - ^ = 
1*025 ; hejre is the third. Now division by 5 cannot 
increase the number of places, since the decimal 
ends in 5* (64, b). If we had first divided by 5, the 
division by the first 2 would not have increased the 
decimal places. (64, a). 

x^^ = -326, and, fiiiaHy, ^ « •02»^ with a 
renaainder of 6, which will give a circulate of 
6 X 09 = 64. So, ^ = 02964. 

155. The circulating part of a decimal b pro- 
duced from a fraction equal to the circulate di- 
vided by as many places of nines as the circu- 
late contains, with as many zeros annexed as 
there are fixed decuna] places. 
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For, i = '1, and -gV == '01, t9T^*='001, &c., and 
other circulates are siniply multiples of these. And 
the removal of the circulate to the right is equiv* 



eltui to antiexing zeros to tht ciedomitiator, by (140^ 
137). 

For instance, -2964 = -29 + g|fo> and Si7 = 

166. To reduce a finite decimal to k Tulgar 
fraction. Write under it 1 with zeros annexed, 
as tnany as the places of the decimals ; redace 
it by (128). 

The g^reatest commoti measure must consist wholly 
of d's and 5's. Henee, by (64, a, 6), the redtkHioil 
e^n be performed mpidlyj withbut seeking the gtMC* 
est common measure. 

167. To reduce a cu*culating or mixed decimal 
to a vulgar fraction, the articles (165, 156, 132, 
128) are sufficient. 

158. To add circulating decimals : Make them 
similar and cimterminous^ Divide the Sum df 
the circulates by so many places of nines ; the 
remainder will be the circulate of the sum, (zeros 
pre&:$ed if necessary,) and the quotient is to be 
added to the fixed places. 

This rule flows immediately from (155, 132). 

Exam^es- 1-6 + 3-70 *f 5033 *= 1666 + 3-7()7 + 
6'033. The sum of the circulates k 106, whence 
1-666 + 3-707 + 5-033 = 10-467. 

159. To subtract cirfeulatmg decimals : Make 
them slmilak* and dont^minous, and, if the drcu- 
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late of the subtrahend is larger than that of the 
minuend, subtract 1 from that of the minuend, 
and proceed as in (13). 

If the minuend circulate is smaller than that of 
the subtrahend, you borrow by (iS) one from the 
next place above it, and count it as tenfold greater 
than if it stood in the highest place of the circulate. 
But it is not so great in reality, for the circulate 
places have a higher value than decimals, their de- 
nominator being a row of 9'9, and not 1 with zeros 
annexed. (155). You thus add to the 'circulate 10 
instead of 9, 100 instead of 99, &c., and must sub* 
tract I in order to preserve its true value. 

110123 — 9-023 = ? 11012301230123 

9023023023023 

1-989278207099 

160. To multiply circulating decimals : Change 
them to the form of vu^ar fractions, (157), mul- 
tiply, (136), and reduce the product ^o decimal 
form. (147). 

We here lose the decimal /orm boasted of in (161), 

.but the reality of decimal notation is lost so soon as 

the circulate is^ marked with dots, for its denomt* 

nator is then no longer a power of 10, but a multiple 

of 9. 

7-13 X 5-4 = W X ^ = ^F- = ^^^^ = 
^•^ = 38-836. 

When only one factor circulates, (168) may be 
used, since multiplication is addition. 

161. To divide circulating decimals: Change 



them to the form of vulgar fractions, divide, (137), 
and reduce the quotient to decimal form. 

8-19 H-16-0i==W-^-Hf^ = WXTflT=== 
t^jW = -6467604306 &c. 

This example shows the boast of (161) to be 
practically useless, since the circulate in the quotient, 
beginning at the second (dace, may extend to the 
744tb place, which renders it practically no circulate 
at all. 

162. Circulating decimals are practically to be 
distinguished from others, only when the cux^u- 
late consists of few places. 

For, in most practical questions, figures are nol 
required more than 6 or 8 places from the decimal 
point on either the right hand or the left. Quan- 
tities requiring higher decimal notation than this 
are considered as, on the one hand, boundless, or, on 
the other, as small enough to be neglected, and the 
ratio of such quantities, belongs not to arithmetic, 
but to infinitesimal calculus. 
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CHAPTER Till. 
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163. Smce the sqtrare, whose side is a lineiar 
unit, is taken as a unit of superficies, (88, e}^ the 
second power gives the area of a ^qu^tre whose 
side is represented by the first. AAd, since fhi? 
is the most common interpretation, (85), of the. 
second power, that power is in mixed arith- 
metic called the square^ and the second wot is 
cafled the squs^re root 

Another interpretation of powers wiir be given 
in (174). 

!M. To find the square root of a given 
number. 

The rule may be derived directly from (78). 

Divide the given numbers into periods of two 
figures each, beginning at the decimal point 
(78, a). From the first period subtract the larg- 
est square it contains, setting down its root as 
the first figure of the required root. (78, b). To 
the remainder annex the next period. Divide 
the remainder by double the root already found, 



(78, c)y the quotient will give the next figurei of 
the root. Annex the new root figure to double 
the previous figure and multiply by the new 
figure. Subtract this product from the previous 
remamder, (78| C and c), and treat the remainder 
as before. 

Or, the same rule may be derived from Ihe in- 
spection of a square representing themumber. Let 
the number, for instance, be 1^26. If^tr»lt is at 
first sight plain, that the square iQot is between 100 
and 200. Imagine, then, a square airat^d of 15625 
smaller squares or units. From it subtract a square 
whose side is 100. This leaves an L whose contents 
are 5625. Now the legs of this L are the product 
each of their length, 100^ by (he width of the legs ; 
whence we may obtain a number expressing nearly 
that width, by dividing half of 5625 by 100, which 
gives 28*125. But let Us, for the sake of ease in 
working, call it in rt)und numbers 20, and subtract 
the legs, 2000 each, from 5625. But, to take out a 
complete L^ we must also^ sublta^t the oomer square 
of 20 X 20=400, whioh leaves another L ccmtaining 
1225, the inner side of whose legs is in length 120, 
and the quotient a x^ f a o must express nearly their 
width. That quotient is 5*1 &C. Call it in whole 
numbers 5, and, subtracting the legs, 5 X 120 each, 
and the comer square, 5x5 *» 26, we find zero 
remaining ; whence the sid6 of the square was 125 ; 
and our operation in obtaining it has been essentially 
that of the rule. 

Or, the rule may be obtained from an examination 
of (78 j C)^ and similar examples. 
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165. What is the square root of 12345-6789 ? 

1 23 45 • 67 89 (11111111060 dtc. 
1_ 

21)23 
21 



221) 245 
221 



2221) 2467 
2221 



22221) 24689 
22221 



222221) 246800 
222221 

2222221) 2457900 
2222221 



22222221) 23567900 
22222^1 



2222222206) 13456790000 

13333333236 

What ia the name as a number of 20164* ? 

2 0164(142 
1 

24)101 
96 



282) 664 
664 

r 

166. By adding periods of zeros the root may 
be extended to any degree of exactness. 

But, since the square of no single figure ends iti 
zero, the square root, which is incomplete when the 
significant periods of its power are exhausted, cannot 
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be expressed in decimals. Neither will it result in 
a circulating decimal. For the square of a circulate 
must be a circulate, since the squaring of its denomi- 
nator removes no prime factors from it. (148, 149). 

167. The square root of a vulgar fraction is 
the square ropt of its numerator divided by the 
square root of its clenominator. (136, 26, 76, 85). 

Thus,. (^)4 = 4*^9*=i. 

168. Square roots inexpressible in decimals 
afe inexpressible in vulgar fractioBS. 

For common factors in the terms of the. fraction, 
(156, 157), cannot alter the value of the root, since 
both terms of the root would contain the root of the 
common factors. (65,151). 

169. The inversion of the rule in (164, 165) 
gives an easy method of squaring a number. 

To square 143, for example. 

By (2»). 142 By (169). 142 

142 142 

2§4 1 

668 96 

142 564 

20164 20164 * 

To square 1829. 

By (22). 1829 By (169). 1829 
1829 l""~" 

16461 224 

3658 724 

14632 3284X 

1829 3345241 
3345241 
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That is, each figure is multiplied by itself and by 
the double of the figures on its left ; and eaeh pro- 
duet occupies apositioa two places removed from tfa'e 
udgbbouring products. 

170. Since a cube i^i^hose edge is a Imear unit 
is taken as the unit of solidity, (^, /), the thtd 
power expresses a cube whose edge is the first 
power. Hence the third power is called the 
cube ; and the third root the cube root« 

171. To extract the cube root of a given 
number. 

r 

/ 

«. X^% 4IS ffg^in cube 07i Icqepifig the prod«Gt8 of 
each figure distinct, but jUl ibejr fhecimiil fiacsQ. 

Bf (a*J. m By (171, «»). T 

67 6 7 

285 

324& ! 
67 



22743 
19246 





2 


6* 


6. 
8, 


7 
,7 


7« 




^ 2 


.a, 


.7 
6 


79 

7 


6" 


6^-T 2 
.6«.7 


.6 
6 


.7" 
. 7« 


73 



185193 6' 3.6«.7 8. 5.7* 7' 



3 




6=' 


3. 6'. 7 


8 






B» — 


126 




3. 


6« 


.7 — 


626 , 




3. 


,6. 


79 = 

7'=;= 


736 
34S 

1861^ 


•. 



* 

It is evident from this example, that 

After x^taining two figures of die root by 
(78), we may, instead of cubing both figures, 
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subtract from the first remainder and the an- 
nexed second period thrice the first figure 
squared multiplied by the second, thrice the 
second squared multiplied by the first, and the 
cube of the second, giving each prpduct its prop- 
er decimal place, and the remainder wiU be a 
second remainder with which to proceed as with 
the first 

The same rule may be obtained, as in (164), by 
representing a cube containing 185193 unit cubes. 
Subtract at first a cube whose edge is 50 ; and we 
have a three sided cap left, containing 60193. Di* 
vide the third part of it by 50^, and the quotient ap- 
proaches an expression of its thickness. Calling the 
thickness 7, a 4ittle less than, the quotient, we sub- 
tract 3 X 2500 X 7, for the 4hree. flat slabs on the 
sides of the cube ; 3 X 50 X 7*, for the narrow slabs 
at the edgei^, and 7^, for the corner. Thus we have 
performed the operation of the mle. 

What number expresses 187149248^? 

1«7 149 248 (572 
63= 125 

3.5« = 76 



75 X 7 = 525 
3.5.7«=« 735 

7^= 343 



62149 



60193 



3 . 57« « 9747 



9747.2=19494 
3.57.23= 684 

2»= 8 



1956248 



1956248 



In dividing 621 by 75, the quotient is 8 ; but this 

6* 
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vrmild m^ke too largo a sabtmh^nd, after 15 lioiefl 
jte i^quar^ was added, 

172« la finding the eubioal consents of bodl^, 
ihQ notation of (88, 4) is somatirqes retained iq both 
factors. T^he foot is considere4 as a uni(, and the 
smaltet denomination^ as fractions ; and the multipli- 
cation of the detuMninators is^ as in decimals, indi^ 
pa(ed by the position of ll^e pum^ra^ors. Ttils i$ 
sometimes called duodecimals, though it is a mixture 
of the decimal and duodecimal scales. For true 
diiodf^lfnaja sipe (188). 

Fof fiJcampie : A load of wood ITft. Tiii. long, 3ft, 
9tfl. wido) aad 4fi» 3in> liigkr cootaiieB bow many 

faat? 

7.7. - . . .■•■ :■ . 



S» 9 Prbdudtby 3. 
5 8 3 Product by ^. 

28 5 3 ' ' ■ ^' 

4 3 ■■••''■■• 

113 '9 t) Product by 4. 
yrli 3 9 ftpdoolby A> 

13Q 19 3, 9 

That is, 12(H4 + T-7-5T H" Trrtr^ of cubic feet, or, 
(12 X 120 = 1440, and 12 X 1450 = 17400,) it 
equals 17403-^ftf cubic inches. . i 

Multiplication, in other mixed notation, is usually 
capable of interpretation pnly by (101)] and the 
conditions of the problevp must sbcrw what is to be 
taken as the unit of the piiulti|>U(kr. Thtit, as three 
pence times four pence caai^fnt mean 1^ of a aquare 
shilling, it depends npbti ihe conditkm^ of the prob- 
" lem whether it signifies 3 times four pence, or 1% of 
four pei^ce; ov ^lir of ibur^ ^icC) aooording as penny, 
shilling, or £. is the unit. ^ 
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173. Articles (166 ^ 1^) will apply also, with 
the necessary changes, to the qubti root. 

174. Other powers and roots than the second 
and third (lo not s<Bem to a4init easily of geo- 
mfAm%\ interpretation ; ^i^4 tlm general interprQ* 
tatton of the povrer of a quantity must he, ^* the 
same quantity, increased in a ratio discoverable 
bj means (if tbQ expoaent, thoug;h not indicated 
by it" 

The infeirpreta^ions of (163^ 170) make th^ s^o* 
pn<;l and third roots an entirely different species of 
quantity from their powers ; and ( 172 1 1nfer'prets a 
product 88 & diiMdnct specdes of quantity from th0 
multiplicand ; — > multiplication changing linear into 
superficial^ and superficial into cubic measure. But 
this is contrary to the usual signification of inulllpli- 
eation, which means an enlargement of the quantity 
without change in its character. (102). And powers 
are simply multiplications^ the factors beihg indicated 
in a peculiar manner. (26,27,76,77). 

And| «^ (actoxa^ are property numbers, (101), and 
yetj in piixed ^rithi^ctic, are quantities^ or the ratios 
of t^oae qnaptitles to unity, (100), so, sjnc^ e;(p0f 
nents take fractional forms, (76), qUfnitities, of their 
ratio to their unit, may be used as exponents, And, 
a? these exponential ratios may be of every valu^, it 
fojlows, th^t 

1715. Any quantity ittay be r^>re9e»ted either 
ps the product or ss the power of any other 
quantity of the sam@ 3pi^C4^v 
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: Let us take, for instance, 2 and 5. Naw it is man- 
ifest, that 2 = 6x1 and 6 =f 2 X |. So they are 
products of each other by their mutual ratio. 
; Let us see what power of 2 is equal to 5. . Since 
2^ = 4 and 2^ =s 8, it appears, that the exponent 
must be more than 2 and less than t. Let us try -}. 
Raise 2 to the 7(h power ahd it equals 128, and 
128^ =s 5*03. Whence it appears, that 5 is a power 
of ,2 whose exponent is nearly -J. 

The whole system of logarithms (the invaluable 
gift of Napier to the world) is based on (175). 

r 

1 76. To extract a fractional root or raise to a 
fractional power : Raise to the power expressed 
^y the numerator and extract the root indicated 
by the denominator, or reverse the poocess. 

For instance, what number expre^s^ 27^ ? Here 
27 s=^ 3^, whose -square is 3^, whoset cube root is 
33 s=: 9. Or, the; cube root of 27 is 3, whose square 

i«,9. . ■ . 

But, in this^ examjide, as in all examples ^f frac^ 
tional exponents ta which answers in exact numbers 
^re possible, we gain the result more easily by re- 
solving the number into prime iitctors, (74), and 
acting upon (29, 136). For instance, what is the 
value of 70661 ? 7066 «*= 2^ 3* 7*, whence 70661 = 
2« 3» 7» = 692704. 

What is the 100th \ power of that number whose 
101st power is 37? This I find by othet than arith- 
metical rules to be 36*70068 nearly. But the la- 

t^HT of ^Iculatiiig 37M by aratbmetic wotild be too 

mighty to attempt. Indeed, fractional exponents 
whose terms are larger than 3 are apt to be beyond 
the practical range of arithmetic; 
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When the numemtor is more Chan half the de- 
nominator, the process is made easier by finding the 
root corresponding to the exponent, which, added to 
the gtTen exponent, would make 1, and dividing the 
number by this root. For the law of (72) applies to 
fractional exponents. 



CHAPTER 



ApPaaXIMATIQK. 



1 77. Di visbn and extraction of roots are but 

processes of successive trials and approxinoation j 

and they introduce themselves b the vast jua- 

jority of arithmetical problems, 

' ^ - 

For instance, would yoa divide 257 by 4?, yon: 
firist guess at a quotient of 6, but oii trial fi^d it too 
large^ a.nd then try 5, and find then there i^ a re-^ 
iQ^nder, And that the division must introduce fra<>- 
tions. So yon add 9 tenths to the quotient, but 9till 
there is a remainder; then you add 8 hundredthis an4 
find it is too much ; and then you change it to 7 
hundredths^ and so go on, but never attaii? i^n ipxact 
refi^ult. 

J 78. Since we eannot ayoid methods of s^- 
proximatipQ iu arithsieticy we may extei^d their 
use to other problems^ without feeling that we 
are lowering the standard of the science. 
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. From some reason, apparently from a notion that 
arithmetic should use no rules w.hich do not give 
exact results, the following most useful rule, called 
in the old books the Rule of Double Position, has 
been omitted in most of the modern schoo^books. 

179. The most general method of arriving at 
approximate results in arithmetic is, to take for 
granted that the errors of results are proportioned 
to the errors of supposition. If they are, (37) 
gives us the means of discoyeraig our errors of 
supposition ; if they are not, it at least gives us 
the means of estimating that error, and succes- 
sive triaU will at length discover it. 

That is, make two suppositions, and suppose that 
the difference ^f their results is to the error of one of 
them as the difference of the suppositions is to the 
error of one of them. 

For instance, to find the cube root of 185193^ 
Suppose 60 and suppose 50. Their difference is 10, 
the difference of their cubes is 91000, and the error 
of the cube of 60 is 60191 So, by (179) and (37), 
the error of 60 is -VW^o^i which is almost 7. On 
trying 67, we find its cube is the given nuniber, 
186193. 

What number is it whose cube added to its square 
equals 140 ? Suppose 4 and suppose 6, arid add 
their squares to their cubes, the results will be 80 
and 160. Hence the error o( ^ is to 1, as 10 is to 70, 
and the true number appears to be 4f = rV"- B"t 
(¥)^ + (¥)^ == 138. i; and 4-f is too small by about 
^of its difference from 6, and the true number seems 
to be 4f^. Thus each trial will give a number 
nearer and nearer to the exact truth. 
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180. As every process in arithmetic must be 
performed mentally before it is written, the writ- 
ing of the (^eration usually retards the rapidity 
of its execution. 

Save that it sometimes aids in rapidity of execu- 
tion by its assistance to the memory. Indeed, the 
assistance to the memory is the only ohjed of using 
the pencil. For if a man can solve a proble9i in his 
head, he uses no paper. 

The student is earnestly recommended to de- 
vise ways of rendering any problem, which may 
be presented, capable of solution without the 
pencil, and to practise constantly the resolution 
of questions by mental processes only. 

Of course, no particular rules can be given, since 
the means will differ in every example. The fol- 
lowing cases will, however, show to what we allude ; 
and it will be noticed, that in the form here given 
no use of the pencil is necessary ; the changes and 
operations being such as can easily be performed 
mentally. 

8649 + 7987 = 8649 + 8000 — 13 = 16636. 

7234 + 1991 + 1809 = 7034 + 2000 + 2000 = 
11034. 

1827 + 6648 + 4349 = 1827 + 10000 — 3 = 
11824 
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612347 + 287452 = 800000 — 201 = 799799. 
16636 — 7987 = 16636 ~ 8000 + 13 = 8649. 

Other operations may shorten labor a great deal by 
rendering but fewifiguiiBs iicf^essary. In the follow- 
ing examples, although we have written them with 
many figures, yet ia most cases very few jQigureo are 
necessary. Small denominators, zeros at the end of 
a utimber, &c., would not be ACtii^\t^ t^ritten in 
priuttioe, and thU9 Ifa4i foltowkig eimmpU^ would te 
performed with very few figures ; frequently none 
being required. 

67 X m =/^^.+ BT-i^^x^ 7m + 17 -h 
Ui»*=783i. 
676 X S7e ^ (aJ-^M. X 3) =*^ 838S00. 
8178667891X 5 = ^ ^78 5|7^»1<» ^ 40892839456 
. 78964 X 126 =» J^^^-V^^^ "F" 9870600, ' 
866 X 128 = 107000 + 2668 *= 10966a 

See, also, {106)w The foltowiftg eiattiplc* ia di* 
vision may suggest i^ipe methods of saving labor. 
When you divide by factors of a divisor successively, 
divide first by those which contain only power* of 
2 and 6. 

1703 ^ 28 « 426-76 -^ 7 = 60 82142857". 
167784 -^ 55 =f 33566-8 -r- 1 1 *» 3060-6173- 
17646 -^ 126 t=i (17646 -i- 10?) X 8 «i 14M6. 



Before performing any operations, be sure ^^at 
there are no factors by which you will both multiply 
and divide ; for such factors may be omitfed. 

For instance, how many yards of carpeting that ja 
•|yd. wide will cover a room 18fL by 60 ? Since 
it takes 9ft. to make a square yard, (88, e), and the 
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carpeting is f yd. wide, we simply multiply 4, 2, and 
20 together, giving us 160 yards' length of carpet. 

iX*XlXiXT^XfXf=iXi=4V. 
1737 -r- 63 = 193 -r- 7 = 27f 

Especially would we recommend him to at- 
tain a habit of quickly detecting common factors 
in the terms of ratios, by the omission of which 
the solution of many problems is rendered very 
easy. 

Several treatises on arithmetic have been pub- 
lished in which this principle of suppressing common 
factors, (66), is made the main engine of operation. 

To enable the reader more readily to detect prime 
factors, we shall offer a few remarks. 

The factor 2 may always be detected by (64, a), 
and its square by the last two places being divisible 
by 4 ; its cube by the last three places being divis- 
ible by 8. 

The factor 3 and its square are detected by (64, d). 

The factor 6 is known by (64, 6, c). 

The factor 7 may generally be detected in one of 
the following ways. When the units of a sum are 
equal to half the tens, it must of course be a mul- 
tiple of 7, since the remainder from every 20 must be 
6 and a unit will make it 7. If the number of tens be 
odd, or if from other causes this test of the factor 7 
does not appear, it may sometimes be made apparent 
by subtracting or adding 7, 7 tens, or any convenient 
multiple of 7. Thus, 105, 147, 126, 189, &c., are 
known as multiples of 7, because 5, 7, 6, 9 are halves 
of 10, 14, 12, and 18. And 133, 154, 182, &c., are 
recognized as multiples of 7 by the addition or sub- 
traction of 7 bringing the same result. 

7 
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Again, in dividing hundreds by 7 there is a re- 
mainder of 2 in each hundred, and if the number in 
the two right-hand places ^ives us a 5 for each hun- 
dred, or 1 for every three hundred, the number is a 
multiple of 7. Thus, 1155 is a multiple of 7, since 
f f = 5, and 6923, because |f = 3. 

And, since 1001 is a multiple of 7, all multiples of 
it are ; such as 7007, 38038, 789789, &c. 

The factor 11 may always be known when the 
sum of the figures in the odd places is equal to, or 
difiers by 11 from the sum of the figures in' the even 
places. For multiplication by 11 causes both the 
odd places and the even places to contain every 
figure of the multiplicand, and the addition of the 
product can only disturb this by taking 10 from one 
place and adding it as 1 in the next place, making a 
difference of 11. For instance, 9493 is a multiple 
of 11, because 9 + 9 = 4 + 3 + 11; and 747439, 
because 7 + 7 + 3 = 4 + 4 + 9, &c. 

The factor 13 is found in multiples of 1001, and 
in those numbers in which there are four odd ones 
to each hundred, such as 624, 728, 1352, 1768, &c.; 
in which 4 X 17 = 68, 4 x 6 = 24, &c. 

Other ways of detecting the presence of a factor 
may be discovered by the student. All these are 
at times of service, while at other times the readiest 
way of detecting a factor is to attempt division by it. 

In division, the work may be written with fewer 
figures than usual, and in much smaller space, if we 
write the quotient over the dividend and do not 
carry down the dividend figures to a line with the 
remainders. In this case, place the first quotient 
figure over its own product, and the decimal point 
in the quotient will fall as many places to the right 
of that in the dividend as there are decimal (frac- 
tional) places in the divisor. 
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31 

03485870967 

108062000000 
93485877967 

15687232143 
1245412181 

212200022 
21220002 



For instance, to divide 1*08062 by^ 31, the work 
may be written thus : 

While, by the ordinary 
method of writing, it would 
require a space more than 
half as wide again, and 
nearly 2i times as long. 
And one line of figures 
here written is unnecessa- 
ry, as the figures 21220002 
might merely, in practice, 
have a dot put under them. 
The first quotient figure, 3, is placed over the last 
figure of its product, 93. The decimal points are 
made to coincide, because there are no decimal frac- 
tions in the divisor. Then, 108 — 93 = 15, and 
4 X 31 == 124. Of this product the 4 is placed 
under the dividend figure 0, and the 12 under the 
remainder 15. Then, 150 — 124 = 26 ; of which 
remainder 6 is on a line with 15, and 2 is beneath 
the 12. Again, 8 X 31 = 248 ; of which product, 
8 is written under the dividend figure 6 ; 4 is put 
under the last remainder 6, and 2 under the re- 
mainder 2 ; (instead of which, in practice, we would 
simply put a dot under the remainder 2 ;) and so on 
with the rest. 

This plan for division affords so easy a method of 
decimal pointing, and is so neat and compact in form, 
as to deserve a more general use. 

Solve examples 7, 9^ 10, and 12 of (146) by this 
method. 



000001 


•00026 


•00008 


•00022 


1000- 


12- 


37-6 


318^18 


•001 


•00300 


•003000 


•070000 


• 


250 


2460 


66262 




6 


64 


484 




• 


• • 


272 
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Divide 1376612 368716 by 36712. 

3 6 712 

3 7 4 70373 

1376612-3 68716 
1101364843646 

27426861617 
25698481983 

172637052 
146890601 

268373 
• -6151 

121 

• • • 

In proving the correctness of our work in multi- 
plication and division, we may remember that in 
(171, a) the only product' not a multiple of 5 was 7^ 
In like manner, if any multiple of 5 plus any excess 
had been multiplied by any multiple of 5 plus any 
excess, the only product not a multiple of 5 would 
have been the product of one excess by the other. 
And so of any number. Let then the factors be 
each divided by some number, and the remainders 
multiplied together. If this product and the product 
of the factors be now divided by that same number, 
they will leave equal remainders. 

The numbers 9 and 11 recommend themselves for 
such divisors, by the ease with which remainders 
from their divisions can be discovered, and from the 
fact that every figure is used in discovering them, so 
as almost to exclude error. 

For, the sum of the figures in a number, when 
divided by 9, leaves the same remainder as the num- 
ber so divided ; and if, from the sum of the odd 
places, increased by 1 1 if necessary, we subtract the 
sum of the even places, we obtain the remainder 
which would result from division by 11. 
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For instance, 849 X 8367 = 7103683. To prove 

which we observe, that 9 + 8 — 4- — 11 ===2, • 7 + 

3+ 11 _6 — 8 = 7; 2x7 — 11 = 3; and 3 + 

6 + 7 — 8 — 3—1 = 3. Or, by means of 9's, 

8 + 4 — 9 = 3; 6X3 — 2X 9.= 0, and the sum 
of the figures in the product is also a multiple of 9. 

The process of casting out nines is commonly 
taught, and when combined with the casting out of 
elevens, it forms an almost infallible test, very easily 
applied. 



CHAPTER XI. 

SYSTEMS OF NUMERATION. 

181. The decimal system was probably sug- 
gested by the fingers of the hand. 

In proof of which, all savage, as well as civilized 
men, count upon their fingers up to ten, and then 
renew the count. 

182. The d^imal system is, then, the natural 
system, but it is a useful exercise to practi$e in 
others. 

Such practice enables one to separate more perfect- 
ly his idea of numbers from that of their names, and 
gives him a greater range of arithmetical thought. 

183. The number by which a figure is multi" 

7* 
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plied in any system by removing it one place in 
notation is called the radix of the system. 

Thus, 10 is the radix of the decimal or denary 
system, 12 of the duodenary, &c. 

184. It needs only ordinary care in the stu- 
dent, to enable him to work in any system, by 
rules analogous to those given for the decimal 
system. 

He need only keep constantly in mind the value 
of his radix. 

185. To change numbers from one system to 
another: Divide the given number repeatedly 
by the radix of the new scale, and the succes- 
sive remainders will be the figures in the suc- 
cessive places of notation. 

See (94), in which this operation is illustrated. 
[After the words, " then the odd rows," in (94), add 
" next the odd piles."] 

The operation may be reversed: Divide by 
the highest power of the new radix, the re- 
mainder by the next lower power, and so on,; 
the quotients will then be the figures in the new 
notation. 

186. To change fractions of the form (140, 
141) to a new scale: Multiply by the radix of 
the new scale, and again multiply the fi*actional 
part of the product by the radix, and so on ; the 
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whole numbers of the products will be the suc- 
cessive figures of the new fi^ction. 

This is, by (137), perfectly analogous to (186). 

187. In a binary system there would be but 
two characters, one representing zero, and the 
other 1, 2, 4, 8, &c., according to its place. 

Calling, then, 10 a couple ; 100 a second couple, 
or couple of couples, &c., we shall in a binary sys- 
tem read numbers by units, couples, second couples, 
&c., instead of units, tens, hundreds, &c. 

Divide eleven by three in a binary system. 

Eleven is a third couple, couple and one ; three, a 
couple and one. 

11)1011(1116 
11 



101 
11 



100 
11 



10 

The above operation may be read thus ; a couple 
and one into a second couple and one, once and a 
couple over. Bring down one, and it goes again the 
same. Place a binary point, (141), in the quotient, 
and annex zero to the remainder.. A couple and one 
into a second couple, once and one over. Annex 
zero, and, as a couple and one is not contained in a 
couple, put zero in the quotient ; but, as the remain- 
der has now become the same as the preceding, it 
appears that the binary fraction will consist of the 
circulate •10. The value of this circulating binary, 
( 155, 184), is XT', equal to two thirds, as it should be 
for a quotient of eleven by three. 
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Multiply elerea by thirteea in a binary system. 
1011 =(8+2+1 = 11). 



1101 =(8 



4+1 = 13). 



1011 
1011 
1011 



10001111 =(128 + 8 + 4+2 + 1 = 143). 

Answer ; a seventh, third, second, and first couple 
and one. 

Divide sixty-nine by twenty-three. 

10111) 1000101 (11 = (2+ 1 = 3). 
10111 

10111 
10111 

Divide seventy-three and six tenths by eighteen 
and four tenths. 

See (186) as well as (1S6). 

looiooiiooi) 1001001-iooi (lOO- = (4) 

looiooiiooi 



The circulates here so fall, that the quotient is 
perfect without the need of (161). For the places 
of zeros in the quotient, see (145), and examples 7, 
9, 10, 11, and 12 of (146). 

188. In a duodenary system, eleven charac- 
ters will be necessary beside the zero. 

Let us take the 9 figures, and for 10 and 11 use 
t and e. The denominations will be units, dozens, 
gross, great gross, &c. 
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Multiply seventy-one by one hundred and twenty- 
two, that is, five dozen and eleven by ten dozen and 
two. 

6 e The same with > t2 

t2 factors reversed, ) 5e 

et 9l7 

601/ 601/ 

The operation may be read thus. Twice eleven 
is a dozen and ten ; set down / and carry one ; twice 
five is ten and one makes e. Then ten times 
eleven is nine dozen and 2, set down 2 and carry 
nine ; ten times five is four dozen and 2, and 9 
makes 4 dozen and e. Add up, and the amount is 
five great gross, one dozen, and ten, = 6 X 1728 + 
12 + 10 = 8662 = n X 122. 

Divide 998c 66 by et7. 

c/7)998c66(9/c 
8te3 

/986 
9/9/ 



//85 
//86 




Multiply three elevenths by five dozen-and-four'ths. 

Change '103 duodecimal to decimal form. (186), 
(160), (168). 
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.103 So the fraction in decimal 

t_ form is -086227. Here, by 

0*^28 (158), the radix of the first 

^ product in each multiplication 

T — Tx is eleven, and in the succeed- 

^ ^ ^ ing places twelve. That §7 will 

— , be a circulate in the decimals 

5*288 appears from the recurrence of 
^ the mixed, (150), duodecimal 

2-333 -333. 

t Now look at the fractions 

o.ggg three elevenths and five six- 

. teenths. Since sixteen is the 
s- fourth power of 2, and an 

' ^'^^ eleventh is equal to -09, the 

decimal of their product will have four fixed places, 

and two in a circulate, which -085227 has. (164). 

189. The student may amuse himself with 
examples in other systems. We have selected 
the binary and duodenary, because of the im- 
portance which Leibnitz attached to one, and 
the fact of the extensive use of the other. . 

Leibnitz thought the binary arithmetic peculiarly 
adapted to develope the properties of numbers ; and 
its simplicity, beauty, and the harmonious appear- 
ance of numbers written in it, made it in his opinion 
a beautiful image of the creation of all things from 
nothing by the Infinite One, and an illustration of 
the saying in Scripture, " One thing is needful." 
For all numbers being written by 1 and shows, 
says his hexameter, 

"Omnibus ex nihilo dacendis sufficit unum." 
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CHAPTER XIL 

RELATION OF ARITHMETIC TO OTHER SCIENCES, 

190. Arithmetic is a branch of the mathe- 
matics. 

Though usually the first branch taught to a child, 
it perhaps holds that place unjustly. Forms are 
earlier objects of thought than numbers, and require 
less effort of abstraction to be comprehended ; and 
this indicates that geometry in its simplest elements 
should be the first study in the mathematics. 

191. Mathematics is the science of quantity. 

Not of measurement, but of that which is capable 
of measurement. It may perhaps be defined as the 
science of the finite considered in its relations as 
finite. But since all measurable bounds (fines) are, 
at least in the present state of the human mind, 
those imposed by space and time, the laws of space 
and time include all the mathematics. Even those 
things which appear most removed from these ele- 
ments, such as force and currency, (88, a, i, j, k, 89), 
are really measured by them. Mathematics may also 
be considered as an art and a language ; ( 1 ) ; an art 
in its solution of problems, a language in its state- 
ment of them. 

192. Arithmetic is the science of discontinuous 
quantity. 

Numbers themselves are manifestly discontinuous, 
there being a break or discontinuity between each 
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successive unit. And in the expression of quantities 
by the ratios of numbers, it is -manifest there can 
only be the expression of discontinous quantities. 
For when a quantity, bearing to its unit the ratio of 
one number to another, begins to be increased, it 
must become incommensurable with its unit before 
it can bear to it the ratio of any other two numbers. 
Else numbers themselves are not discontinuous. 

193. Mathematics are necessarily connected 
with all physical sciences. 

For, since all the physical world is necessarily 
governed by the laws of space and time, the study 
of that world and of those laws must mutually aid 
each other. (191). And the truth of this remark 
is written on every page of the history of science. 
Astronomy has been the parent of mathematical 
sciences, and has been restored to youth and made 
immortal by her own children. So, too, with phys- 
ical sciences of later growth. To mention no others, 
the science of light has proposed the most wonderful 
problems to the mathematician, and received answers 
which have placed optics by the side of astronomy, 
as the most glorious triumphs of the human intellect, 
and have opened to the mathematician avenues to 
power hitherto beyond the reach of scientific ambi- 
tion ; while chemistry has become mistress of the arts 
of life, since quantitative analysis has been introduced 
in her researches. 

194. Arithmetic is the necessary link between 
all mathematics and their purely practical appli- 
cations. 

For, in all purely practical applications, there must 
be measurement, and reference to a unit. And this 
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can only be applied to discontinuous quantity. 
Hence, those who define mathematics as the science 
of measurement make it wholly dependent on arith- 
metic, (192), on which it depends, however, only for 
its application to practical questions, or to discon- 
tinuous quantities. 

195. In its scientific interest alone, arithmetic 
offers an unbounded field. 

For the combinations and properties of numbers, 
though not strictly infinite, must be practically so. 

The character of this treatise as a mere introduc- 
tion forbids us to enter into the tempting field of the 
theory of numbers. The learner is referred, for his 
future studies in arithmetic, to Leslie's " Philosophy 
of Arithmetic," Barlow's " Theory of Numbers," 
Gauss's " Disquisitiones Arithmeticae," Legendre's 
" Theorie des Nombres," Lenhart's papers in Pro- 
fessor Gill's *' Mathematical Miscellany," and articles 
in different Encyclopaedias. 



THE END. 
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9AMm9 nV^IM'PM AND CgMfAllT'f 9VB&I04V|^S. 

PEIRCB'S COURSE 

PURE MATHEMATICS, 

A Course of Instruction in Pure Mathematics, for the Use 
of Students. By Benjamin Peirce, A. M.^ P«rldnd 
Professor of Matiiematics and Astronomy in Harvard 
University. 

1. An Elementary Tre^rttsci onPlaii^ an^ 80II4 

O^ometry. 1 vol. 12mo., with plates. 2d edition. 

' The l)ook is throaghont simple, thongli neat and eoncise; and, at far 
as we can see, leaves nothing to be desired in this branch of mat^iematici. 
The doctrine of parallel lines as presented by Mr. Peirce is concise, intel- 
ligible, and in onr Jndgment entirely satisfactory. But this is not the 
only improYement. Every page shows the same power of condensing, an^ 
the same neatness and elegance, for which the two works on Trigonometry, 
by the same author, are so remarkable.'— riVbrtj4 Amerioan Itemew. 

2. An Elementary Treatise on Algebr^f To which 
are added Exponential Equations and Xip^Eirithms. 

3d edition. 12mo. 

The editor of the Christian Examiner, after speaking of the Algebra, 
conclndes by saying : * We can say nothing better for tiie book than that 
he (Prof. P.) prepued it, and that it ftuly sustains the repn^itloQ for 
science which nenas already won. Those who are interested m the snbr 
ject, will find many new thmffs in this treatise deserving their attention ; 
particularly the polynomial ueorem of Arbogast.' 

3. An Elementary Treatise on Plane and Sphere 

ical Trigonometryy with their Applications to Navi- 
gation, Surveying, Heights and Distances, and Spheri- 
cal Astronomy, and particularly adapted to explaining 
the Construction of Bowditch's Navigator, and the 
Nautical Almanac. 3d edition, 12mo, with plates. 

' The work, of which we give the title above, (Plane and Spherical Tri^ 
(mometr^,) is part of a couipe of elementary mathematics, wiiich he (Prof. 
P. ) has given notice that he intends to publish. They show, throughout, the 
mariu of an orinnal thinker. But in this work there is a unity and homoge- 
neousness, whidi shows that it is not mere compilation, but that it has 
passed through and been reproduced by the author's own mind. The 
analysis is conducted throughout in the most finished and elegant manner. 
Both these works are remarkable for brevity and simplicity (qualities 
which instructers will know how to prize) ; and we beheve tiiey will be 
found fully equal, if not superior, to any works now in use, for the purpose 
for which they were designed.* — North American Review, 

' As a text-book for such a course of instruction as is usually taught in 
our Collej^s, it (the Plane Trigonometry) seems to be superior to any be- 
fore published on tiiat subject ; and if the projected course of elementaiy 
treatises be carried out in the same spirit and style, there is no doubt liiey 
will be highly useful to both teachers and ■pxxpm.^-^MBUhematical Mucd- 
lany. 

D:^ This work is used in the Naval Schools, as a text-book, and in many 
of oar I7xu7«rsities. 
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JiJtM UmWMt AKP COMPAIIT'8 VVMUQAtlOMU, 

PEIRCE'S ELEMENTARY TREATISE 

ON 

CURVES, FUNCTIONS, AND FORCES. 

1. Analytio Oeometry and DtfiBsrential Calouhuk 

12mo. Illustrated by 167 figures. 

2. Integral Calculus and Analytical Mecliaxiica. 

M Press. 

3. Application of Analjrtical Mechanics to Fhys- 
ics and Astronomy. In Press. 

Williams's Algebra. An Elementary Treatise on Al- 
gebra, in Theory and Practice, with Attempts to simplii^ 
some of the more difijcult Parts of that Science. To 
which is added an Appendix, on the Application of 
Algebra to Geometry. By John D. Williams. 12xno. 
pp. 605. 

Stewart's Philosophy. Elements of the Philosophy 

of the Human Mmd. By Dugald Stewart New 

edition. 

The present edition of this worln: was reprinted from the last English 
edition, and, unlike the previons, the notes are incorporated as foot-notes, 
and the Addenda has oeen placed in the varions pages where it belongs, 
the whole making one yolnme of 627 pages, on a clear type. The merits of 
this work as a text-book are well and favorably known, and is now used 
in Harvard, Tale,' and other colleges. 

Mason on Government. An Elementary Treatise 
on the Structure and Operations of the National and 
State Governments of the United States. Designed 
for the Use of Schools and Academies, and for general 
readers. By Charles Mason, A. - M., Counsellor at 
Law. 1 vol., 12mo. 

' It is an extcemelj useful work, prepared witb oare and accuracy, writ- 
'ten in a terse, neat, and scholarlike style, and containing a great amount of 
valuable information upon the various functions and departments of the 
Ktt^nal and State Governments, and the several relations of Uie citizeni 
.to them both*'-"A'«<ofs Couritr. 

* It should be introduced at once into our common schools, and be studied 
by every inhabitant of the country, who wishes to know iha practical 
^rariuBg of the institutions under which he lives, and the nature and lim- 
itations ot tiie rights, which, as a subject of a free government, he is invited 
to exercise.* — ^mh American lUvimtf, 

'I dQ not hesitate to pBononnce it an exceedin^y usefol, valuable, and 
accurate treatise on the subject, and admirablv adapted for our common 
schools and academies by its clearness, its excellent arrenjncQx^D&^^sEA'^^a^ 
detailed views of many of our insUtutiQii&.^ — Hon. Judg« Siom* 
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JAMK8 UtJMROB AND COMPANY'S PVBLX6ATX0Xf. 

Elements of Oeometry. Introduction to Geometry 

and the Science of Form. Translated from the most 

approved Prussian Text-Books. 1 vol. 12mo. With 

plates. 

This vcdnme has been prepared under the eye of a practical teacher, and 
ia designed to meet an actual want. It is introdnced into very many of 
onr High Schools and Academies, Normal School at Lexington, and is also 
required for examination for entrance into Harvard College. 

M0TXCX8 OP THB WOEK. 

' I have carefully examined the manuscript of** An Introduction to Geom- 
etry," and think it admirably adapted to supply an important want in 
education. It is not a mere geometrical logic, but a natural and simple 
introduction to tlie Science of Form. By a beautiful and original series of 
inductive processes, it avoids tedious demonstrations, developes the taste for 
observation, which is so strong in the quick mind of youth, and leads the- 
pui>il to a real and practical knowled^ of the truths of Geometry with a 
rapidity which would not have been anticipated. From these considerar 
tions, and from observing the strange neeiect into which this science has 
fallen in our schools, I have strongly urgea the pi^lication of this excellent 
treatise, and think that its study should be msisted upon, as a valuable 
preliminary to a good education, either at college or in business. 

^BENJAMIN PEIRCE, FmrkSiu Professor of Astronomy 
and Matksmaties in Earvard University. 

* Cambridge, April 21, 1843.' 

' Most opportunely for our own wishes, and, we hope, for the uses of 
many of our readers, there has been placed in our hands, this mominffj a 
school-book, of the above title^ comprisine about 150 pages 12mo, with dia- 
grams. On a hasty examination^ we are free to say, tnat hardly any school- 
book has ever so nearly met our tdeal of what was needed. The compiler 
has hit the nail on the head, and fulfilled, we believe, tiiat great publio 
duty, of meeting most happily an actual puolic want. 

* We value the book, because it aims not merely to give demonstrations 
— to discipline the mind, as it is called, by bare logic, without practical 
facts, but, on the contrary, aims directly at the knowledge of facts and 
things, and the Useful and entertaining employment of them. This is the 
way to discipline the mind — to feed it, with good food.* — Portland Adoer- 
User, 

The editor of the North American Beview, says : * The tendency of the 
youthful mind to observe and study forms is developed by this boME. * * 
Geometry is taken up as a science, not only severe, but comprehensive, 
when the pupil is too voung to appreciate its scope and importance, 
and he must commence his hiurd task with definitions. It is a lu^h merit 
of this ** Introduction," that it teaches these definitions in a familiar way, 
long before they are required as the preliminarv steps to abstract study. 
It uso supplies such a rudimentary knowledge of the principles of Geom- 
etry, and tneu: application, as lessens, if it does not remove, the difficulties 
attending the first efforts in theoretical reasoning. The obieot of the ** In- 
troduction " which it is eminentiy suited to attam, is to **nelp children to 
arrange what nature teaches." ' 

* It is decidedly the best work of the kind we have ever seen, and, more 
than any other with which we are acquainted, will win the interest of the 
beginner to this science. Geometry is greatiy neglected as a branch of 
education, owing, in some measure, doubtiess, to tiie uninteUig[ibility of 
text-books to the young. The ** Introduction" is very clear in its eipl»- 
nations, and its exercises combine pleasure with instmction.*— S a/ w w Obt» 

Oeometrioal Blocks, to illastrate the above, in neat 
cases; containing the sphere, cone, ice, 
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